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Abstract

Since standard European semitrailers usually utilize an unsteered rear tri-axle group they are
produced with low financial efforts but have a high tire wear (especially at the rearmost axle)
and a reduced maneuverability. This work shows that an actively steered rearmost axle at a
semitrailer can improve the performance during low-speed turning maneuvers, high-speed cornering
and could intervene during critical situations such as rollover. After some general fundamentals of
vehicle dynamics are summarized, the current state of art with respect to steered semitrailers is
discussed. Linear and nonlinear tractor-semitrailer single-track models are derived, which take the
lateral and yaw motion of the coupled vehicles into account and can be used for the development
of different steering strategies for an enhanced maneuverability. In this scope a steady-state and
feedback control strategy is developed. In addition, a 2-degree of freedom controller combines both
strategies. Furthermore, the models are extended in order to account for the roll motions of the
system at high-speed. A simple “active rollover damping control law” is proposed and investigated,
which intervenes with the trailer steering and aims to reduce the risk of a rollover. In conclusion, the
2-degree of freedom control law improves the maneuverability of a whole tractor-semitrailer system
and the active rollover damping strategy decreases the risk of a rollover significantly during critical
maneuvers. The derived models and strategies provide different chances for further optimizations,
improvments and implementations on real tractor-semitrailer prototypes.
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Chapter 1

Introduction

1.1 Motivation

Vehicle dynamics control of articulated heavy vehicles, such as tractor-semitrailer (TST) combina-
tions, pose major challenges compared to passenger cars. For instance, a TST results in an increased
complexity of the governing dynamics: the available energy is limited, the regarded mass loaded on
the vehicle changes, and the requirements towards reliability need to be fulfilled. Articulation and a
high center of gravity challenge the tractor and semitrailer combination, especially in terms of road
safety i.e. the risk of a rollover (illustrated in figure 1.1) should be decreased. Standard European
semitrailers utilize an unsteered tri-axle group. These semitrailers with an unsteered tri-axle group
are produced with low financial efforts but later have a high tire wear and reduced maneuverability.

o | =]

Figure 1.1: Rollover of a real TST in Zhejiang (China) in April 2011. This screen-shots are retouched
and extracted from the video of a monitoring camera, published on the website www.youtube.com.

The objective of this thesis is to investigate the utilization of a semitrailer steering in order to
improve the performance during low-speed turning maneuvers, high-speed cornering and interven-
tions during critical situations such as rollover. Strategies for robust control of the rearmost trailer
axle have to be developed and for the implementation of the corresponding control architectures,
the numerical simulation environment “MATLAB/SIMULINK” is available. The controller for the
rearmost axle must meet the software and hardware requirements. The performance of the con-
troller can be evaluated with a single track model and a multibody system (MBS) model in the
simulation software “SIMPACK”.

Figure 1.2 represents a five-axle articulated tractor with semitrailer which will be the focus of this
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Semitrailer Tractor Human Driver

N

Additional Cargo

5t_Wheel \

Active Steered Rearmost Axle Hitch Human Steered Front Axle

Figure 1.2: Tractor and semitrailer (TST) with an actively steered rearmost axle.

thesis. The tractor unit is considered to be driven by a human, steering the front axle, opening
the throttle and pushing the brake. The semitrailer has three axles, whereby the rearmost axle
is equipped with an electronically controlled command steering system. The towing unit (tractor)
and semitrailer are coupled by a so-called 5*"-wheel hitch. It is designed to bear the vertical load
imposed by the front of the semitrailer.

Especially during low-speed turning maneuvers the active steering system could not only reduce the
tire wear and driving resistance (o< COs), but also might allow greater cargo dimensions. Figure 1.3
clarifies the benefits and compares the maneuverability of a steered and unsteered semitrailer.

(a) Semitrailer with Steered Rearmost Axle

Driving Resistance

[ = ) -]

(b) Standard European Semitrailer

Figure 1.3: Tractor with a steered (a) or unsteered (b) semitrailer during a low-speed turning circle
maneuver (german: “BO-Kraftkreis”), required by the European road traffic regulations.
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Since the steered axle improves the maneuverability, the semitrailer can be increased and additional
cargo can be transported. This leads to a higher efficiency, saves costs and resources.

1.2 Structure and Scope

This thesis is structured as follows:

Chapter 2 Introduction of fundamentals of vehicle dynamics with respect to the characteri-
zation of the tires, basic vehicle modeling and TST specific approaches. Furthermore, insights
of previous research are given.

Chapter 3 Derivation of a linear and nonlinear horizontal TST model to describe the lateral
vehicle dynamics at low-speed. In addition, the derived models will be extended in order to
account for the roll motions of the system at high-speed. Finally, an existing SIMPACK model
will be introduced.

Chapter 4 Development of control strategies for the tractor front axle steering and the
semitrailer rearmost axle steering. A controller will be proposed, which aims to reduce the
risk of a trailer rollover.

Chapter 5 Implementation of the derived models and controllers in the simulation envi-
ronments. The influences and improvements of the steering strategies will be investigated,
analyzing the simulation results of the horizontal and vertical roll-extended models during
certain maneuvers.

Chapter 6 Summary of main aspects are given, including conclusion and future research
topics.
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Chapter 2

Fundamentals and State of the Art

2.1 Basics of Vehicle Dynamics

This chapter is meant to serve as an introduction to ground vehicle dynamics in order to present
the characteristics of tires, development of vehicle models and explaining related technical terms.
The focus is laid on the description of lateral dynamics during cornering at low and high velocity.

2.1.1 Tire Mechanics

The performance of a ground vehicle is mainly influenced by the tires. The tires interact between
the road and the vehicle and their properties are important for the dynamic behavior. This section
briefly gives the basic aspects of the force and moment generating properties of a pneumatic tire.

Normal and friction forces are transmitted at the point of contact between a tire and the road
surface. In figure 2.1 the SAE-standard for axis system [SAE76] is shown. The tire is centered in
the wheel plane perpendicular to the axis of rotation. Since it moves with the velocity v in the

Aligning inclination
torque M, \’Y~ Direction of
Angular velocity Q ) I Wheel wheel heading
T o1
> B Longitudial
v
slip  _ »
~  Direction of

wheel travel

Lateral force (Fy)

. z
Overturning moment Normal force (F.)

Figure 2.1: Tire axis system and terminology according to SAE-standards [SAE76].
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slip

Direction of |
wheel heading ;| «

Direction of
wheel travel

contact patch

/

(a) Tire deformation on ground surface (b) Tire deformation in y-direction

Figure 2.2: Origin of lateral forces.

direction of travel, side slip occurs. The lateral component of the slip is described by the tire side
slip angle o which effects a lateral force Fy. Because of this slip angle, the material in the contact
patch of the elastic tire is drifting to the side, explained in [Gil92] and illustrated in figure 2.2 (a).
The deformation of the tire is also indicated in the cross-sectional view of figure 2.2 (b). Since this
thesis mainly considers simplified tire behavior of trucks in planar motions, the inclination of the
wheels can be neglected. Full details about tire dynamics like e.g. the force and stress distribution
at the contact patch are discussed in [Jaz09].

Different tire models are proposed for the calculation of the lateral force during a simulation in
the literature of vehicle dynamics. One of the most common tire models is defined by the so-called
“magic formula” in [Pac02]. According to this formula, the lateral force F), can be calculated in
dependency of the slip angle o and vertical force F,,

F, = Dsinlarctan{Ba — E(Ba — arctan(Ba))}] (2.1)
C

ith the stiffness fact B = = 2.2
wi e stiffness factor oD’ (2.2)
the peak factor D = uF,, (2.3)

F,
and cornering stiffness C, = cisin(2arctan ()) (SAE: C, < 0). (2.4)

co

The shape factors C and E as well as the parameters ¢; and ¢, together with the friction coefficient p
are depending on the tire material and design. They can be determined by experiments or empirical
values from the literature. The lateral force obtained by the ”magic formula” is schematically shown
in figure 2.3 with respect to the slip angle. The relation is linear for small slip angles and can be
approximated by the function

Fy,nn(a) =Ch« (SAE C, < 0) (25)

As proposed in [Vivl2] a saturated tire-force-law can be used in order to characterize the force
behavior for larger slip angles,

F

C f <
ysat (@) = { ac for o] < oo , where Cj, < 0. (2.6)

Fy max else
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linear approximation
_L\ Lateral force F),

linear-saturated

approximation

L slip angle «
CFa

"magic formula”

Figure 2.3: Approximation of the lateral force in dependence of the slip angle according to Pacejka’s
tire model [Pac02] (SAE: C, < 0).

The approximated tire-law also prevents the transgression of the linear range, which may cause
excessive lateral forces during a simulation process.

2.1.2 Bicycle Model

This section intends to introduce a simplified model of a four-wheeled vehicle with Ackermann
steering according to Riekert and Schunck (1940). Their linear theories of vehicle modeling has
also been published by e.g. [Zom83]. As the two wheels on each axle are modeled by a centered
substitute wheel, their models are also known as ”bicycle models” or ”single-track models”. The
substitute wheel represents the tire and suspension characteristics of the related axle. Figure 2.4
displays the so-called bicycle model during a steady state cornering of the vehicle at low velocity.
The distance between the steered wheels of the front axle is defined by w, and the distance of

i
3 Outer wheel

-

Figure 2.4: Conception of a single-track-model (Bicycle Model) based on an Ackermann steering.
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the center of gravity (c.g.) to the front axle respectively to the rear axle is denoted by Iy and ..
The center of the reared axle moves with the velocity v, along a circle track with the radius R,¢.
So the vehicle is turning with a constant angular velocity €2y around the instantaneous center of
rotation (i.c.r.). In analogy, the c.g. and the center of the front axle are moving with v and vy. With
the assumption of low velocity, the centrifugal force can be neglected which leads to the following
geometric conditions for the inner and outer steer angles

l l

tand; = —— tand, = =—— 2.7
RTO Y RTO + 9 ( )

= cotd, — cot §; = —. (2.8)

This is called the Ackermann condition, where [ = I,. +1; describes the wheelbase. The steer angle &
of the single track model relates to the geometric lengths with

tand = . (2.9)
r0
This equation can be used to eliminate the radius R, in (2.7),
cot §; = cot § — d cot d, = cot § + z. (2.10)

2] 21

The bicycle steer angle is the cot-average of the inner and outer steer angles of the four-wheeled
vehicle

cot &, + cot d;

cotd = 5 ,

(2.11)
as it is also derived in [Jaz09]. Including the equation (2.9) it can be shown that the mass center
of the vehicle turns with the radius

Rego = /12 + 12 cot? § (2.12)

on the circle. The introduced relations are only valid for a small steady state cornering velocity v,
as already mentioned.

In case of the steady state cornering at high velocity, lateral accelerations must be taken into
account. In order to react against the centrifugal forces the tires develop the slip angles causing
lateral forces. Figure 2.5 shows the difference between steady state cornering of a bicycle model at
low (a) and high (b) velocity. Due to the slip, the position of the i.c.r changes in dependency of the
vehicle and the road conditions. According to the equation (2.5), the front and rear tire forces F), s
and Fy, are linear related to the front and rear slip angles ay and o, with

Fyy=Corar and Fy = Copay, (2.13)

whereby Coy and C,, are the effective cornering stiffness at the front and rear axle. For the
determination of the slip angles, it is necessary to consider the explicit wheel velocities more detailed
as shown in figure 2.6. Since the vehicle is turning with the angular velocity (or yaw angular
velocity) w around the c.g. and for a small body slip (8 << 1), the rear and front wheel velocities
can be approximately calculated with

v & V02 4+ (wl)? and vy R 0?2+ (wlf)?, (2.14)

where the absolute velocity of the vehicle is denoted by v. Furthermore, the following relationships
can be derived for the body slip angle 3,

wl,

and tan(d —ay—p) =~ w—lf (2.15)
v

tan(a, + B) =
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(a) low speed (b) high speed

Figure 2.5: Geometric conditions for a single-track-model of a two-axle vehicle for steady state
cornering.

The assumption of small angles (tan(4) ~ £) leads to simplified calculations of the slip angles,

Ly l
aTsz—B and afmé—%—ﬁ. (2.16)

In order to describe the dynamic behavior of the vehicle the equation of motions can be derived
as it is proposed in [PS10]. Using the vehicle-fixed frame OX in correspondence to figure 2.6, the
movement of the vehicle in the direction of e, eX and the rotation around eX can be expressed
by
vy = vcosf
vy = vsin (2.17)
w3 = w, respectively.
With respect to the inertial coordinate system, the time derivative leads to the acceleration
a1 =vcos B —vBsin B — wvsin B
as = vsin B+ vBcos B+ wvcos B (2.18)
a3 — w.
For most applications it is sufficient to assume a small body slip angle § << 1 and v = const, which
leads in a matrix notation to

al 00 ﬂ —vwpf
a| =|v O [} + | w . (2.19)
as 0 1| ¥ 0

L P

The matrix L denotes the Jacobian matrix and the vector 2 of the generalized velocities. As
proposed in [PS10] an air resistance force A, lateral aerodynamic force A, and an external mo-
ment M4 react on the vehicle. Furthermore F), and F}, are the longitudinal forces acting on the
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wly i
v

Figure 2.6: Single-track-model of a two-axle vehicle at high velocity.

tires in the direction of the wheel heading. Neglecting small quadratically terms, the Newton-Euler
equations for the vehicle with the mass m and moment of inertia I results in

0 0 5 —mowf Fop+ For — Ap
mv 0 [ } + | mw | =| —Fy—-F,+A4, |. (2.20)
0 I 0 Fyrlr — Fyflf + My

Applying the Jourdain’s principle, the equations of motion followed by a left multiplication with

the transposed Jacobian matrix L,

m? 0] [ mvw] [v(=Fyy — Fyr + Ay)
[ 0 I} M +{ 0 ] [Fyrlr—FyflerMA : (2.21)

With the linear tire model from (2.13), it leads to

va 0 ﬁ mv2w _ v(icafaffcarar+Ay)
[ 0 I] [W] +{ 0 }_ [CararlT—Cafaflf+MA : (2.22)

Using (2.16) it yields the Riekert and Schunck’s equations, also mentioned in [Zom83],

1fCay — 1:Car

- )w = A, — Cayd (2.23)

m’UB - (Caf + ch) /6 + (mv

1
Tw— ;(Oar l72~ + Caf lf‘) W= (Oaf lf — Car lr)ﬂ =M, — Ooéf 5lf (224)
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Condition Case Required Driver Intervention

|Cor|le > |Car|ly understeering increasing required
|Cor|lr =|Cas|ly neutral steering -

|Cor|lr < |Cas|ly oversteering decreasing required

Table 2.1: Cases of vehicle steer behavior

Remark 2.1. The sign of the cornering stiffness differs, since the SAE-terminology is used in this
work.

The derived equations can also be used to explain the oversteer and understeer phenomena. In
consideration of a steady-state cornering (8 = 0) and with the neglection of the aerodynamic
force (A, = 0), the equation (2.23) can be rearranged to

lw Carly — Cyrl

§ == (14 Zol S Zarir 2 , where {Cyr,Cyr} < 0. 2.25
G ovew: {Cgs Cer} (229)

This means that the driver has to steer in relation to the velocity and the cornering stiffness of

the front and rear axle in order to follow a constant cornering path. The steering behavior can be

summarized with the cases specified in table 2.1.

2.1.3 Multiple Non-Steered Axles

Non-steered multiple-axle suspensions are typically used to sustain the weighty cargo, especially
within the scope of heavy vehicles. The two- and three-axle varieties are the most common types of
multiple-axle running gear for trucks or semitrailers. They are generally called tandem and tridem
suspensions, respectively. Non-steered multiple-axle suspensions not only increase tire wear partic-
ular during cornering maneuvers, but also influence the directional response with the development
of large tire slip angles [FW07].

Figure 2.7 (a) illustrates the bicycle model of a three-axle truck with the constant steer angle ¢
at low-speed steady-state turning. It is assumed that the tires of the non steering rear axles have
the same cornering stiffness and that kinematic and compliant steering effects are ignored. The
geometric wheelbase [, is the distance between the tandem center and front axle. In contrast to
the two-axle vehicle of figure 2.5 (a), a truck tire can not operate with a zero slip angle, which
generates lateral forces in a low-speed turn. The lateral force balance requires that the lateral
tire force at the center axle is equal in magnitude to the sum of the front and rear lateral forces,
clarified in figure 2.7 (a). Since the cornering stiffness of the two rear axles are identical, the center
of the low-speed turn lies on a line perpendicular to the vehicle’s longitudinal axis, but differs to
the geometric center. As it is proposed in [FWO07] an equivalent wheelbase leq can be calculated.
It characterizes the ideal cornering of an equivalent two-axle vehicle without slip. In particular,
figure 2.7 (b) illustrates that both vehicles have the same steer angle 4. If all non-steering axles of
the vehicle have the same cornering stiffness, the equivalent wheelbase of the correspond ing two
axle vehicle can be calculated with

T TC SN A2
leg =1 —+ === h T === 2.2
q=lg+ L + ls s where ~ (2.26)

The sum of the cornering stiffness of all front and rear tires are denoted by Cy, and Cqs. Re-
spectively, N is the number of non-steering axles and A; is the distance of the i *" non-steered
axle to the geometric center of the rear axle group. The detailed derivation of this equation was
documented by Winkler in [Win98] and will be explained for a three-axle truck in the following,.
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b
e ICT.

(a) three-axle truck with slip (b) equivalent, two-axle vehicle without slip

Figure 2.7: Single-track-model of a three-axle truck in a steady-state, very low-speed turn.

Consider the three-axle vehicle illustrated in figure 2.8, which is in a steady-state turn at very low
velocity such that the centrifugal forces are neglect-able. The requirements of static equilibrium of
lateral forces and yaw moment lead to

Y Fy=0=—F,+Fyu1—Fy and (2.27)
> My =0=—Fyp(lg— A) + 2F,2A, (2.28)

whereby A is the distance from the axles to the geometric center of the group. The tire forces in
the direction of y are linear related to the slip angles oy, a1 and oy2. Assuming small angles, it
yields

d = tan <l;%’1> ~ l%] (2.29)
5—ozf:tan<leqRa> %lquaéaf%% (2.30)
a,1 = tan (A;— b) ~ A;—b (2.31)
argztan<A}gb> RA}gb. (2.32)

The geometric distances a, b and R are defined in figure 2.8. According to [Win98] it can be

assumed, that the complete front tire force Fy; acts in the direction of y. This leads to the result
that (2.27) and (2.28) end up in

—Cray + Criap — Croaya =0 and (2.33)

—Cfaf(lg — A) + 2C 90,0 = 0, (2.34)

where C'¢, C;; and C,9 are the related cornering stiffnesses. Furthermore, the rear cornering stiffness
can be simplified to

C,=Chi+Chp and Cp=Cs. (2.35)



Chapter 2. Fundamentals and State of the Art 13

Zeq

Figure 2.8: Derivation of the equivalent wheelbase [.q of a three-axle truck in a steady-state low-
speed turn.

Substituting equations (2.30)-(2.32) into equations (2.33)-(2.34) and the usage of (2.35) yields

A+b A—-b
~Ciz+C: ; ~CET =0 = Cra=Cb and (2.36)
A—-b
fcf%(zg —A)+20, 5222 =0 = Crally — A) = C(A = b)A. (2.37)
The factors @ and b can be declared after some calculation with
A? A?
a= 6. A7 and b= —. (2.38)
Cy 1y ly
In conclusion, the equivalent wheelbase can be evaluated with
A2 O, A2
leg=lg+b+ta=13+—+ 5—. (2.39)
lg Cy ly

This formula displays the same equation as mentioned in (2.26), if one regards the case of two rear
axles (N = 2). Eventually is should be noted, that the equivalent wheelbase can also be obtained
for trailers with multiple non-steering axles on a similar manner.

2.1.4 Trailer Combinations

Nowadays most trucks carry one or more trailers in order to improve cost effectiveness. At low speed
tractor-trailer combinations with non-steering rear axles offtrack to the inside during a turn. Simi-
larly, non-steering trailer axles offtrack relative to the path of their forward hitch point, see [FW0T7].
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(a) wheelbases are greater than hich distances  (b) wheelbases are smaller than hich distances

Figure 2.9: Single-track-model of a three-axle truck in steady-state on a very low-speed turn.

So during a steady-state cornering of a vehicle combination of n-units the path radius of the n*®
unit depends on the wheelbases {wy, ws..w,} and hitch distances {l1,;...I,} of the units ahead.
In detail, figure 2.9 shows the geometric relation of a tractor with two trailers. This yields the
conditions

Ri+l=wi+Ri= RS=R:4+1?—-w: and

2.40
RS+l =wi+ Ry = Rj=R3+13—wi, (240)
whereby the radius of the last unit results in
n
R =RY+> 17, —w. (2.41)
=2

According to the equation above and as shown in figure 2.9 (b), the trailers can even follow on
larger radius, if w; < I;. Furthermore, the coordinates of the units’ center of gravity (c.g.) can be
calculated in agreement with figure 2.10 with

n cos ;
Ty =71 — b; + fi) | siny; , where f; =0 and b, = 0. 2.42
> (
i=1 0

The orientation angles are denoted by 1; and the distances between the c.g. and the front and the
rear hitch points are called f; and b;, respectively. Further details about the behavior of multiple-
articulated vehicles are described in [dBO1].
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Figure 2.10: Body coordinates of a trailer combination train.

2.2 State of the Art: Steering of Semitrailer’s Rearmost
Axle

This section introduces steering strategies and control models, developed in the scope of previous
research projects ([Boell], [vdV11], [Viv12]) at the Institute for Dynamic Systems and Control
(IDSC). This thesis focuses on the derived control methods, which are designed for an active
steering of the semitrailer’s rearmost axle, as shown in figure 1.2.

2.2.1 Horizontal Tracking Control Strategies

In literature ([Win98], [FW07], [ORJC10], [dBO01], [FMGO06]), most of the approaches intend to
reduce the off-tracking of trailers with respect to the tractor, as clarified in figure 2.9. Therefore
the mid point of the trailer-end should always follow the trajectory of the trailer’s front coupling
point by articulating the semitrailer actively.

Steady-State Control Strategies

Within the IDSC-research, first proposals for the control of the rearward steer angle called &
were suggested in [Boell]. For the derivation of the strategy a steady-state cornering maneuver
of the TST shown in figure 2.11 was considered. According to this strategy, the steer angle of the
trailer results from the superposition of a simplified Ackermann-condition ds..q, of one part for the
velocity compensation do,17, and finally the compensation of the yaw moment 2,57, caused by the
non-steered axes. It can be written as

dop = 020 + 02pv + O2r0a, (2.43)

where the simplified Ackermann condition for the track-tracing of the coupling point, denoted
by @, can be obtained by

P
Bapg = — —t by, (2.44)
14—
b1+ bs

The geometrical parameters by, by, bs and the hitch angle I", which describes the angle between the
tractor and semitrailer, are explained in figure 3.1.

Remark 2.2. This simplified equation is not explicitly mentioned in [Boell], but was used in the
associated stmulation models.



16 2.2. State of the Art: Steering of Semitrailer’s Rearmost Axle
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Figure 2.11: Steady-state control strategy according to [vdV11].

The part of the velocity compensation in (2.43) results in

bl(cafl + Carl) - b4Car2 a
(bl + b4)(caf1 + CarQ)Con'Q v

whereby the centrifugal acceleration is characterized by a,. The mass of the tractor and trailer
are denoted with m; and mo. The quantities Co 1, Cari, Caf2, Cama and Cyuro characterize the
cornering stiffness at the tractor’s front, rear and the trailer’s front, mid and rear axle. In [Boell]
it is also proposed, that the compensation of the yaw moment can be determined with

527‘V = (m1 + m2) (245)

Am2Cam2(b1 4 b3) + apaCopa(by + b2)
Cara(b1 + bs) ’

whereby the slip angles can be approximated with

2(b1 + bz) — (b5 + b1+ bg+ 13 — lg)

= — I d 2.47

ar bs + b1 + b3 — (I3 — I2) “ (247
_2(b1 +b3) — (b5 + b1 + b3+ 13— l2)

bs + b1 + b3 — (I3 — l2)

Oorht = (2.46)

Qm2 . (2.48)
In the following this steady-state control strategies will be named as “feed-forward-controller”,

since they don’t compensate any measured error or feedback but just react proportional to the
hitch angle I'.

Path-Following Control Strategies

Moreover, a linear quadratic regulator (LQR)-controller is designed in [vdV11] in order to minimize
the transient off-tracking for the three-axle trailer with a feedback control system.

Similarly, in [CCO8] a virtual driver steering controller is proposed to control the steering angles of
trailer wheels, so as to make the trailer rear end follow the trajectory of 5"P-wheel. The “virtual
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trailer-driver” is assumed to “sit” at the rear end of the semi-trailer and to use preview information
consisting of path-tracking deviations of the trailer body relative to the trajectory of 5*"-wheel. The
“virtual driver” model for the trailer steering control is introduced to minimise the path-tracking
deviation of the trailer’s rear end by using a LQR-method. This linear quadratic regulator-approach
optimize a cost function which contains weighted input and output states. For the same purpose
a PID-Controller with a “reference trailer” is used in [ORJC10]. Thereby the controlled system is
investigated for low and high velocity.

At last, in the context of the IDSC-research project an additional thesis [Viv12] exists. It analyzes
how the usage of a steerable trailer axle can be beneficial during reversing maneuvers. In conclusion,
different feed-forward controllers, feedback controllers, observers and switching strategies particular
for the reverse driving problem are developed and tested. In the following this path-following control
strategies will be named as “feed-back-controller”, since they compensate a measured deviation,
which is returned by a feedback.

2.2.2 Rollover Prevention Control

Since a few years, researchers of different institutions are developing a variety of steering strategies
for the rollover avoidance of single-unit trucks or tractor-semitrailers. Usually the main challenge
is to influence and improve the roll dynamics of these vehicles using the tractor-front or / and a
semitrailer rear axle steering.

Roll-Controller for Single-Unit Trucks

In [AO98], [AO99] and [OBA99] control laws for an rollover avoidance of trucks are introduced.
Thereby a small auxiliary steering angle is set by an actuator, in addition to the driver’s steering
angle. The control law is based on proportional feedback of the roll rate and the roll acceleration,
so that the vehicle’s roll damping is robustly improved for a wide range of speed and height of the
center of gravity. Furthermore a rollover coefficient (or so-called load transfer ratio LTR) is defined
that basically depends on the lateral acceleration at the center of gravity of the vehicle’s sprung
mass. For critical values of this variable an emergency steering and braking system is activated.

Roll-Controller for Tractor-Semitrailer

In [KS88] it was found that the stability of tractor-semitrailer systems at high speeds can be
significantly improved by the usage of a LQR-controller acting on the tractor-front and trailer-rear
axle. Furthermore, some extended LQR-control strategies are designed and investigated, which
reduce the rollover occurrence [Sam00].

In order to minimise a combination of the path-tracking deviation of the trailer rear end relative to
the path of the hitch point (5*"-wheel) and the lateral acceleration of trailer c.g. a LQR-controller
is introduced in [CC08]. Thereby the lateral acceleration of trailer c.g. is included as an additional
objective of the optimal controller in order to improve roll stability. In [ORJC10] this strategies
are extended and investigated for low and high velocities. Finally a similar approach which uses an
optimal controller is introduced and tested in [vdV11].

2.3 Basics of Applied Mechanics and System Dynamics

This section gives an overview of the basic model representations which are important in the scope
of this work. The theory and formulations are extracted from [PS10] and [Lun08].

Usually, the dynamics of a mechanical system can be described by ordinary differential equations.
They can be derived applying the principle laws of the physics and mechanics. In consideration
of a holonomic rigid MultiBody System (MBS), the motion behavior is completely described by
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f-generalized coordinates g, whereby f is the number number of degrees of freedom [PS10]. The
nonlinear equations of motion of an ordinary MBS can be read as

M(q,t) G+ k(q,q,t) = q°(q,q,u,t), (2.49)

where M is the f x f symmetric inertia matrix, k is a f x 1-vector of generalized gyroscopic forces
including the Coriolis and centrifugal forces as well as the gyroscopic torques, and the f x 1-vector g©
represents generalized applied forces. Furthermore, equation (2.49) can be rearranged to

=q= M_l(qe — k;) (2.50)

and consequently transformed into the nonlinear state-space representation

q q
7 _ B ) (2.51)
M [M g - k)]
-~ @ —
TNonLin f (@nonLin, W,1)

where TNonLin 18 called the state vector and w denominates the input vector of the nonlinear system.
In contrast, equation (2.49) can be linearized to

M(t) Gy, + P(t) qy, + Q(t) @y, = H(t)u, (2.52)

where M is the symmetric, positive definite inertia matrix. The matrices P and Q characterize the
velocity and position dependent forces and the matrix H applied by the input vector w represents
the external excitation. The super-scripted “~” marks the linearity of the matrices. Moreover, this
linear representation can also be rearranged and transformed to a linear state-space representation

. in 0 ‘ I in 0
Qin | _ - —— q vl . (2.53)
Qiin -M Q ‘ -M P Qin M H
—_—— —_— ————
T A xr B

where x is the state vector of the linear model. According to [Lun08] the linear state-space repre-
sentation of a system with multiple inputs and multiple outputs (MiMo) generally results in

T = Ax + Bu

2.54
y=Cz+ Du, ( )

where A is called the “system matrix”, B is named as “input matrix”, C is denoted as “output
matrix” and D is the“feedthrough matrix” according to the system theories.

In the case of a system with a single input and a single output (SISO) the linear state-space
representation can be simplified to

= Ax + bu

2.55
y = cx + du, ( )

where b is a column vector and ¢ is a row vector. The scalar feedthrough is named d. In order
to consider the system in the frequency domain, the transfer function can be calculated from the
SISO-state-space model (2.55) by

G(s)=cl'(sI — A)~'b+d. (2.56)
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Modelling

In order to simulate the behaviour of a tractor-semitrailer vehicle (TST) and develop control strate-
gies for various driving manoeuvres, mathematical models based on physical laws are required. The
dynamic motion of these models are characterized by the so-called equations of motions. This chap-
ter derives a nonlinear and linear horizontal planar model to describe the lateral and yaw motion
of the vehicle at low-speed. In addition, the derived models will be extended in order to take also
the roll motions of the system at high-speed into account. Thereby the TST is always considered
as a rigid Multibody System (MBS).

3.1 Nonlinear Single-Track Model

This section deals with the derivation of a nonlinear horizontal planar model according to the theory
of MBS [PS10]. In previous student theses [Boell]&[Viv12] within the same research project at
the IDSC, the regarding nonlinear equations were derived on the one hand with the Newton-
Euler approach and on the other hand with the Lagrangian approach. This thesis presents the
detailed derivation of the nonlinear equations of motions according to the Newton-FEuler approach
in subsection 3.1.1. In addition to this, the Lagrangian approach is represented in the subsection A.3
with the same result.

The assumptions and simplifications for the nonlinear model are:

e The tires on each axle are combined into one single tire, which is considered to be at the
center of the axle (single-track model).

e Only the lateral forces of the tires are taken into account: Fije = F, (There are no braking
or accelerating forces on the wheels.)

e The lateral tire behavior is considered fully-linear (or linear-saturated) to the related slip
angles: Fy < a (and Fyy < Fy max)-

e An auxiliary force F,uy is used in order to drive the vehicle at constant velocity. It is assumed
that this force is known, since it will later be realized with a subordinate control loop and it
is necessary for a later comparison of the different models.

e Pitch and bounce motions have small effects on the vehicle and therefore they are neglected.
e Crosswind and road camber effects are neglected.

e The coupling point (5*"-wheel) is considered as a rigid connection and both vehicles as rigid
bodies.

19
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Figure 3.1: Top view of the Single Track Model of a Tractor and Semitrailer(TST) with a steered
rearmost axle.

In the first step the planar motion of the TST in the inertial frame O! will be described. As shown
in figure 3.1, the distance from the tractor’s front wheel, 5*"-wheel (C) and rear wheel to the center
of gravity is denoted as Iy, I and I3. The distance of the 5*'-wheel, front wheel, middle wheel and
rear wheel of the trailer to it’s center of gravity is named as by, by, b3 and by. The spacing between
the rear wheel and the end of the trailer @ is denoted by bs. The position of the centers of gravity
of the tractor and semitrailer are

o + by cos s + Iy cos iy To
= . . == 1
r1 Y2 + by sintg + lasiny and "2 Y2 |’ (3.1)

where the coordinate tuples zo and yo define the position of the tractor. The yaw angle of the
semitrailer and tractor is called 5 and ;. The tractor has the mass m1, moment of inertia I; and
steer angle §; at the front wheel. In analogy, the semitrailer has the mass mso, moment of inertia I
and steer angle d at the rearward wheel. The tire cornering forces F,¢; and Fy,q act at the front
and rear wheel of the tractor, whereby the forces Fy a2, Fym2 and Fy,1 appear at the position of
the front, middle and rear axle of the semitrailer.

3.1.1 Equations of motion according to the Newton-Euler Approach

In this section the nonlinear model is derived systematically with the Newton-Euler approach as
stated in [SW99]. The proposed method is structured in a certain way and the MBS will now be
considered as a three-dimensional system in order to explain the structure generally. Therefore the
position vectors to the centers of gravity will be redefined to

o + by cos s + Iy cos Py To
r1 = | Y2 + by sints + Iy sin gy and o= |y2| . (3.2)
0 0
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With the generalized coordinates ¢ = [502 Yo Yo 1/11] T, the translational Jacobian matrices Jr1
and J7o for the tractor and semitrailer can be evaluated with

87’1 1 0 —b1 sin 1[)2 —12 sin ’(ﬁl 87'2 1 0 0 O
Jr = B = 0 1 b1 cos g lo cos iy and Jgpo = B = 0 1 0 O0f. (3.3)
4 1o o 0 0 9 100 0 0

This leads to the conclusion that the velocity and acceleration of the k" body are

. ory . o Ovg
v =Jrrq + o and ay :JTkQ"‘JTkQ"‘W» (3.4)
<~
'Dk a’k

whereby v and aj, are declared as the local velocity and local acceleration. Due to the fact that any
body rotation is not explicit time dependent, the vector of the corresponding angular velocity wy
can be described by the rotational Jacobian matrix J gy and the time derivative of the generalized
coordinates,

0 00 00 0 0 0 0O
wi=|01=100 0 0]g and we=|0f=1]0 0 0 0]gq (3.5)
U1 00 01 P 0 010
JRI JRZ
As reported by [SW99], the equations of motions can be expressed in block matrices,
mi E sym.| |Jr1 mia; fi i
0 mE Jraf . maQy _ | fs 5
o o I, Jr | 9 | Lay +oe | — || 00| (3.6)
0 0 0 I2 JR2 Igdg + (:)2I2w2 l; l;
~ R,—/ v \7,—/ \7,—/
M J k q q

Each line characterize the force balance in the direction of a Cartesian coordinate of one body. The
symmetrical matrix M contains the mass and the inertia tensors

wal Ixyl Ile Iaca:Q Iacy2 I;czZ
I1 = I:tyl Iyyl Iyzl and I2: Ixyg Iyyg Iyzg . (37)
Ile Iyzl Il -[122 IyzZ -[2

Besides the specified Jacobian matrices are composed to the global Jacobian matrix J. Further-
more k denotes the vector of Coriolis and gyroscopic forces and torques, where a;, and &;, denomi-
nate the local acceleration and local angular acceleration. The rotation of the bodies is not explicitly
time dependent and they spin around their mass centroid axis, so the terms Iy + Wi lpwy dis-
appear. The vector q° presents the applied forces and moments which results from the tires. In
addition q" contains the reaction forces and moments. The 12 equations stated in (3.6) can be
reduced to the minimal number of four ordinary differential equations by a left pre-multiplication
with the transposed global Jacobian matrix J7

JTMIg+JTk=JTg°+J7Qq. (3.8)
N—— N~ N ,
M k qe qr

With that step the reaction forces disappear because of the generalized orthogonality between
motion and constraint, i.e. vanishing virtual work of the reaction forces (J7Q = 0) [PS10]. For
the current MBS the only challenge is to evaluate the local accelerations

—lacy1f — bicy, V3 0
a1 = | —losy9? — bisy,g2| and as = |0 (3.9)
0 0
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and take the applied forces of the tires acting on the centers of gravity into account. They can be
expressed in Cartesian coordinates with

Fyr18y;+6, + Fyr18y, + FauxCyy 1
—Fynicy,+6, — Fyricyy + FauxSy,
0

Fypasy, + Fymasy, + Fyrasy,+s,
—Fypacy, — FymaCy, — FyraCysts,

. 0
g° = 0 . (3.10)

0
—Fypilics, + Fyls
0

0
Fyf2b2 + Fym2b3 + Fyr2b4c62

The trigonometric functions are notated according to (A.1). In conclusion, after some calculation
the equations of motion in matrix-form and conform to (2.49) results in

my + mo 0 —m1b1Sy, —mylasy, —m1l20¢11@% - m1b10¢27@%
0 mi + mo m12b1c¢,2 mllgc¢l g1 7m1l28¢1:l/)% - m1b1Sw21/)%

—m1b1Sy, Mibicy, mibi + Iy milabicy, —y, —m1¢%lzblsw1—w2

—milasy,  milacy, malabicy, —y, mal3 + I myP3labiSy, —yy

3.11
Fyfls51+1b1 + Fyr2s62+'¢)2 + Fyf2S'L/)2 + Fym2S'L/)2 + Fyrlswl + Fauxcwl ( )
—Fy 165,49, — FyraCootys — Fypacy, — FymaCy, — Fyr1Cy, + FauxSy,
Eypaba 4 Fymabs — FyribiCyy —py — Fy101C5, 4y —yp + Fyrabacs, + Fauxbisy, —y,
Fyri(ls —l2) — Fypics, (I1 + 12)

In comparison with (A.24), these derived equations of motions are identical.

3.1.2 Transformation to trailer-fixed reference frame

Up to this point, a full non-linear model for the planar motion in the inertial frame is derived.

Nevertheless, for the purpose of creating a controller, it is necessary to have all the equations

expressed in a frame fixed to one of the two truck units. Since this work mainly focus on the
semitrailer, a trailer-fixed reference frame is used. The new vector of generalized coordinates is

T

sq=[s22 Y2 W2 U], (3.12)

where x5 and _y» denotes the trailer position with respect to the semitrailer coordinate system O,
which is fixed to its center of gravity. Figure 3.2 shows the model description at two points of
time (t(*) and t**1)) during a simulation process. Consequently the position of the semitrailer
with respect to the initial frame O at t*+1) can be expressed by

k1) |22 ) cos wgk) —sin ’z,/}ék) sAxa
T‘2 = = 7"2 + » (k) ) (k) A 5 (313)
Y2 sin 1y cos s s=Y2
) sAT2
I s¥2

where r(Qk) is the previous position at t*) and 1¢g the rotational matrix of the semitrailer. More-

over (Arg is the relative displacement after the time-step A¢. With the velocity 72 = [S o Syz] T
it yields

SA’I"Q = S’l.“g At. (314)
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Timepoint: tF+t) = ¢(F) 4 At

Coordinate tuples & velocities

with respect to O°

Timepoint: ¢ = t(*)

Figure 3.2: Coordinate transformation of the TST-Single Track Model.

Since the ,Ary and .7 have the same direction, the velocity with respect to O and O° are also
related to the rotational matrix of the semitrailer ;¢g,

To _ COS’l/}Q —Sin¢2 3‘7.52
L)J N [Sinwz COS¢2:| LQJ : (3.15)
-~

U2 1P (2) sU2

When considering the angle velocities it is obvious, that they are independent of the reference
frame (1)1 = 411 and ¥y = ,1)9). This leads to the transformation matrix ;®g, which describes
the relation between the previous and current generalized velocities,

T costpy —singy 0 0] [gd2
Y2 | _ |sintpy costpy 0 O |s¥2
2= o ol | (3.16)
y 0 0 0 1| |4
—— ——
q Ps <4a

Furthermore it yields s®; = I‘I’S*l = 1‘I>5T, since the linear transformation ;®g is orthogonal.
Applying (3.16) to (3.8) it is possible to obtain the equations of motion expressed in the trailer-fixed
reference frame in matrix form,

s®r M 1®s G+ B M &5 .q+ 5P k=s®;q°. (3.17)
—
sM Sk SqE
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After some calculations the equations of motions with reference to the trailer-fixed frame results in

mi1 + ma 0 0 —malasr *mﬂ/glh_*mﬂ/}%lzhcrf(m1+m2)1/}2 U2
0 m1 + ma miby malacr g+ —mﬂ/)%leF.-F Y2 (M1 + ma) L2
0 m1by mib? + In  malebicr |© mibi (2 g&2 — Pilasr)
—malasr  malacr malebicr mal3 + I m1¢2l2(si2 cr + (492 + 1/'ng1)sr) (3.18)
Fyfls¢$1+F + FyTQSEQ + FauxCF + FyrlsF
. Fauxsr — Fypo — Fym2 — Fypi1cs,417 — Fyracs, — Fyricr where
Fyf2b2 + FmebS - FyrlbICF + Fauxblsl" - Fyf1b1C51+1" + Fyr2b4C§2 ’
Fyri(ls —l2) — Fypics, (I + 12)
I'=11 — 1 (3.19)

denotes the hitch angle and the trigonometric functions are notated in agreement with (A.1).

3.2 Model Extensions and Background Analysis

3.2.1 Trajectories with respect to the Initial Reference Frame

The model equations according to (3.18) are formulated with respect to the semitrailer-fixed refer-
ence frame O°. In order to identify the positions of the semitrailer and tractor units, the trajectories
in the inertial reference frame O must be obtained by the generalized coordinates of the simulation
results. Additionally, the following back transformation method is also needed for the determination
of the tire forces, at each simulation time-step.

Given are the generalized positions in line with (3.12)and along a simulated time line {t(1)...t(®)  ¢(")},

1 2 k k+1 n
sxé; Sx(ggi Sx(;k; Sx(gm; sx% ;
q — | sY2 s¥Y2 e sY2 sY2 o sY (3 20)
s dresult (1) (2) (k) (k+1) (n) | * .
2 (R ) 2 e Yo
(1) (2) w(k) (k+1) (n)
1 1 1 1 1

The k' displacement vector of the semitrailer unit relative to O° can be evaluated by

(k) sxék+1) - sxék)
JATy = B IO for k=1(1)n—1. (3.21)
sY2 sY2

In consideration of the initial condition 72 and (3.13), the trailer position with respect to the initial
reference frame can be calculated,

(k) To2 for k=1
Ty = 3.22
2 {'r‘gkl) + 1¢g( ékfl)) SArgkfl) for k=2(1)n, (3.22)

where r¢g (wékfl)) denotes the rotation matrix of the semitrailer with the applied angle ng’“’l).
Figure 3.2 clarifies the relations again. The trailer position can be alternatively obtained by trans-
forming the relative trailer velocity ;v2 to the velocity in the initial reference frame vy using

equation (3.15) and applying an integration in the form of

To = /1)2 dt, (323)
or for discrete values:

(k) T02 for k=1
Ty =

= 3.24
{rék_l) + vgk_l)At(’“_l) for k=2(1)n. (3.24)
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This thesis also treats a linear model with the generalized coordinates

Qi =T U1 B 1/}2]T~ (3.25)

Since this model assumes a constant body velocity v, the semitrailer velocity in the initial reference
frame results in

o[- i) 620

The semitrailer position can be calculated afterwards, using equation (3.23), for discrete val-
ues (3.24) respectively.
In conclusion, the trajectory of the tractor’s c.g. can be obtained by (3.1), in detail it results

0 _ ) 4 [bl cos 5 + Iy cos "

r = yfor  E=1(1)n. 3.27
! 2 b1 sin wék) + Il sin 1/)5’6)] e ( )

3.2.2 Tire Forces and Kinematic Constraints

In order to determine the tire forces during the simulation process, some kinematic relations have
to be taken into account. As already discussed in section 2.1.1, the tire forces F,; of the modeled
TST linearly depend on the corresponding slip angles «;,

Fyfl = Cafl af1 Fyrl = Cor1 01 (328)
Fyf2 = Cafz Qf2 Fym2 = Com2 am2 Fy’r2 = Cara 0o (3.29)

for the tractor and for the semitrailer, where C,; is the cornering stiffness for the single axles.

Remark 3.1. The tire forces can be either regarded fully linear as stated in (2.5) or saturated
according to (2.6). This distinction is especially important for the derivative of the linear model
reported by section 3.3. Conveniently, it will treated as fully linear during this section.

In analogy to (2.16), the resulting slip angles are

P1ly ls

=& — 21 = — — 3.30

af =01 o] b1 a1 o] b1 (3.30)
. b . b ) b

Qo = 7/(/)2 2 _ 52 Amo = m - 62 Qrg = 52 + w - BQ; (331)
|SU2| ‘st| |st|

where the constant distances are depicted in figure 3.1, jv1 = ;@1 ,91]7 and jvs = [(d2  92]T
are the body velocities and 8y (£ 41, ,91) and By (£ 4&2, s¥2) are the body slip angles. Since o

and _yo are generalized coordinates, the vector norm and body slip angle of the semitrailer are also

known as
|sva| =1/ Sa'cgz + 53)22 (=v2) and B2 = arctan (S /2

52

> . (3.32)

Before the calculation of the tractor’s body slip angle it is necessary to obtain the tractor velocity v
represented in the initial reference frame. This can be done with the derivative of (3.27) with respect
to the time,

Lo —thyby sin by — th1ly sin ey
T [ aby cos g+l cospy | (3.33)
-~

(251 V2 Vy
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7 5‘2"’ \_--\"'— la f
0% #

(a) Detail of TST hitch kinematic (b) Top view of Single-Track TST

Figure 3.3: Calculation of the body velocities in order to obtain the body slip angels 51 and fs.

where vq yields from (3.15). The velocity v, results from the angular velocities and is depicted
in figure 3.3. On the left site (a) it qualitatively shows the relative movement of the tractor in
agreement with the hitch kinematic, where the right site (b) illustrates the rotational motion of the
entire tractor semitrailer system with respect to the trailer’s center of gravity. Now the velocity
with respect to the tractor reference frame (denoted with O7') can be solved by using the transposed
transformation matrix 7¢;(11) = (107 (¥1))7,

[T:'m] _ { cos Py Sinl/fl} {»’81} . (3.34)

91 —sinyy  cosyi1] |41
—— —~—

U1 Td)l(wl) U

The vector norm and body slip angle of the tractor eventually leads to

vl =\ pir® + 5% (=v)  and m:arctan(ﬁ) (3.35)
T

whereby all the tire slip angles and tire forces are determined. The scalar velocities of the bodies
are denoted by vy and vs.

Corresponding to figure 3.3, the coupling conditions will be introduced within this section. Since
the semitrailer is coupled to the tractor, the orientation . of the velocity v, at the coupling point
(or so-called “hitch-point” or “5*"-wheel”) can be described as illustrated in figure 3.4 by both, the
tractor’s and the trailer’s body coordinates,

Paby

Ye =P + B1 — tan o and Ve & g + Bo + tan . (3.36)
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5
© (a) Semitrailer and 5*"-wheel velocities (b) Tractor and 5*""-wheel velocities

Figure 3.4: Top view of the hitch kinematic for the derivation of the coupling condition.

With the simplification tan £ ~ £ and the elimination of the angle 1., the kinematic constraint
equation results equal to [SC98] with

il Pob

b1+ By — B2 gy 4 gy 4+ LD

V1 U2

& Bfim-T+p6+

veby | iy (3.37)
U1

V2

where T is defined in (3.19). The derivation with respect to the time and assuming 1 = 0 and 93 =
0, yields

o Bi- T2 i B+ Y o By iy e P20 2 (3.38)
U1 V2 V2 U1

If the roll motion of the tractor semitrailer should also be taken into account, the model can be
extend to a so-called “yaw-roll”’-model. The 3D-position of the 5'"-wheel can be described with
either

x1 — la cos 1 + 21 sin ¢y sin Py T + b1 cos by + 22 8in ¢o sin ¢y
Tel1 = Y1 — lg sin ¢1 — 21 sin ¢1 COS ¢1 or Te2 = |Y2 + b1 sin 1/)2 — 29 sin d)g COS 7,[}2 s (339)
21 COS @1 29 COS (o

whereby ¢ and ¢- are the roll angle of the tractor and semitrailer. The distances from the roll
axis to the 5*'-wheel is denoted by z; and zs, respectively. Furthermore, it is assumed that the
position of the tractor’s c.g. is given with x; and y;. The derivative with respect to the time leads
to the velocities

(@1 + 91lo sin by + ¢r21 cos ¢ sinahy + 1121 sin ¢y cos ¢y

Vel = |91 — 1,/}112 cos P — q'Slzl COos (1 cos 1 + ¢1z1 sin ¢1 siny | and (3.40)
L —<Z-5121 sin ¢1
(@2 — aby Sintbe + P22 COS 2 SNy + P20 SN Po COS P2

Vea = |92 + Ql.)gbl cos g — (Z.SQZQ cos @2 cOs P + 1&222 sin ¢ sin s | . (3.41)
L —¢222 sin ¢2

The velocity components of the c.g.’s of the tractor and semitrailer can also be written as

T =M COS(wl + 61) Y1 = U1 sin(z/)l + ﬁl) , and (342)
To = vy cos(h2 + B2) U2 = va sin(thg + Ba). (3.43)
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—¢1 (
OT

Yo by — b 2 —tnly — b1 21

(b) Tractor and 5*" wheel velocities

Figure 3.5: 3D view of the hitch kinematic for the derivation of the coupling condition for a yaw-roll
model.

Moreover, the velocities can be represented in the body-fixed reference frames (rotation with
or 19 around the z-axis), which leads to

V1 COS 51.‘1‘ 1/.1121. sin ¢
7Vc1 = T¢] Vel = | V1 sin [31 —.1/1112 — (25121 COS d)l and (344)
—@$121 sin @1 i
Vg COS 62. + 1/}2 2 sin ¢o
sUc2 = 5@y Vez = |v28in Bz + 12by — P22 cos o | (3.45)
—(2522’2 sin ¢2 i

For the consideration of small angles (1,12, ¢1, ¢2 << 1) the lateral velocities results in
2Vcly = V151 — Ynly — 121 and sVe2y = V22 + by — bz, (3.46)

This relations are clarified in figure 3.5 for the kinematic of the tractor in fig. 3.5(b) and the
semitrailer in fig. 3.5(a). The orientation of the velocities with respect to the body-fixed reference
frames and around the z-axis can be approximated with

y s
el = Bi — Yila 121 and e = f + Yabr ¢222' (3.47)
U1 U1 () Vo

The representation with respect to the initial reference frame can be read as

¢251 ¢.5222

¢112 ¢1ZI and wCQ — ¢2 + ﬁQ + . (348)

Y1 =Y + 1 — —— —

U1 U1 V2 V2

Since the both hitch description have the same velocity orientation (.1 L 1), the kinematic
constraint equation (also called algebraic loop) yields

lo - by - 21 - 29 -
U1 — o+ Br — Ba — —thy — — 1o — — 1 + — 3 = 0. (3.49)
(%1 (%) (%4 (%)
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In conclusion, the derivation with respect to the time and assuming v, = 0 and vy = 0, results in
. . ) ) Io o« by w2y oz
U1 — e+ B — Ba — —th1 — —hy — 1+ — ¢y = 0. (3.50)
U1 V2 U1 V2

This constrain equation is also used in e.g. [SC98], [CCO08] or [vdV11].

3.3 Linear Single-Track Model

In order to reduce the simulation cost, to develop linear controllers and to use the methods of the
linear system theory, a linear model of the TST will be derived by the nonlinear equations within
this section. On the one hand subsection 3.3.1 establishes fully linear equations of motion and on
the other hand subsection 3.3.2 introduce a linear model with the saturated tire-force-model. An
alternative derivation of the fully linear system is described in section A.5.

Assuming the angle between the tractor and semitrailer is very small I' << 1, it yields

sin(l) = T and cos(I) ~ 1, (3.51)

it can also be simplified for small steering angles,

sin(d1) ~ 01 and cos(d1) ~ 1, (3.52)
sin(da) = 09 and cos(dz) ~ 1 (3.53)

The addition theorems can be used in order to linearize the trigonometric functions,
sin(0; + ) = 6; + T and cos(0; +T') = 1 —T4;. (3.54)

With these approximations and neglecting the quadratic terms (1/}% =0, w% = 0), the nonlinear
system of equations (3.18) yields

mi1 + mo 0 0 0 T2 —(m1 + m2)1/:J2 sV2
0 mi + ma miby lamy sb2 (m1 + ma2)he g2
0 mib mabi + I labima 1112 * mibitpe g &2
0 malz miloby  mal3 + I P M1¢2l2(si“2 + (592 + ¢251) I)

(3.55)
Fy#1(01 +T) + Fyr2 02 + Faux + Fyri T
FauxF_Fny _Fym2 _Fyfl(l _F(Sl) _Fyr2 _Fyrl
Fyf2b2 + Fym2b3 — Fyr1b1 + Fauxb1I' — Fyflbl(l — F51) —+ Fyrzb4
Fyri(ls = l2) — Fypi(l + 12)

From (A.35), the movement can approximately be expressed with the resulted body velocity vy and
the body slip angle of semitrailer s,

g2 A vy and 92 & v2f, (3.56)
S(.E.Q ~ ?.}2 and Syg =~ ”L.)Qﬁg -+ 1)252. (357)

In the following it will be assumed, that the tractor and semitrailer approximately moves with the
same constant velocity called v, so it yields v; = v = v and © = 0. As a consequence, the auxiliary
force Fuux will become a reaction force and it disappears (for more details go to section 3.1).
Furthermore, the product of small angles and angle velocities can be neglected (T6 = BT =
oI = 0). So the equation (3.55) simplifies to

—(ml + mg)’L/JQ 7}52 } Fyfl(él + F) + Fyro do + Fy
(mq +m2)v_(ﬁ2 +12) + mlbﬂ/.& + m1l2¢1n _| —fyrz— Fyma — Fyp1 — Fyro — Fyn (3.58)
bimiv(Ba + 2) + (m1b? + Io)thy + mylabithy|  |Fyrebo+Fymabz+Fyrobs—(Fyri+Fyp1)bi|
milav(Ba + 1) + malabiths + (ml3 + 1)t Fyri(ls = lz) = Fypa(l + o)

In conclusion, the assumptions and simplifications for the linear model can be summarized by:
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The tires on each axle are combined into one single tire, which is considered to be at the
center of the axle (single-track model).

Only the lateral forces of the tires are taken into account: Fii,e = Fy. (There are no braking
or accelerating forces on the wheels.)

The angle between the tractor and semitrailer is very small: I' << 1.

The steer angles of the tractor and semitrailer are very small: §; << 1 and do << 1.
The velocity of each unit is constant: v; = vo = v and ¥ = 0.

The yaw rates are small: ¢1 << 1 and @[}2 << 1.

Pitch and bounce motions have small effects on the vehicle and are therefore neglected.
Crosswind and road camber effects are neglected.

The coupling point (5-wheel) is considered as a rigid connection without compliance.

3.3.1 Fully Linear Equations of Motions

In the following, a fully linear model will be derived by using the additional assumption:

e The lateral tires behavior is considered fully-linear to the related slip angles: F), o< a.

Since the first equation of (3.58) is of little importance, it can be neglected. The tire forces can
be substituted with (3.28) and (3.29), where the slip angles «; at the tires are explicitly defined
n (3.30). Moreover, using the kinematic constraint equation (3.37) for the elimination of f;, the
remaining equations of motion results for the second row in

milothy + (my +ma)vBa +mibiths + (C, aft + Cort)T

I3 —1 I +1
+ <Ca'rl 2 v 2 afl ! 2>¢1 ( af2+cam2+0ar2+Cafl+0arl)ﬁ2-..

(3.59)
by b3 b
+ ((ml + mo)v + Can + CamQ + Carzf (Cap1 + Cor1)— > Wy =

- af151 - Car2527

the third row it leads to

malabitn +mibivBa + (mib? + L)y + (Coart + Cap1)biT

la —
+ (Carl bl 2
v

l I +1
2 aflbll 2

) U1 + (Cagaba + Comabs + Copaby — Copiby — Co1b1) Bo...

3.60
b b2 b2 B b2 (3.60)
+ mlvbl_caf27_ am2i_car27_carli_ ocfli 1/)2
v v v v

—Cor1b161 + Corabado

and the fourth row can be formulated as

(m1l§ + 11)12;1 + m112U32 + m112b1¢2 + (Cas1(li +12) = Car1(l3 = 12))I

2 2\
+ <_Car1(l312) - Caf1M> 1+ (Cari(ls — l2) — Cap1(lh +12)) Ba...
v v (3.61)

I3 —1 I +1
+ (m112v+car1b1 2 " 2 af1b1 ! 2>¢ =

—Cor1(ly +12)01.
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Additionally, the derivation of (3.19) with respect to the time leads to
[ =y — . (3.62)

In analogy to (2.53) and with the new state vector

. -
Qin =T U1 Bo o] (3.63)
and the input vector
the equations (3.59)-(3.62) can be also written as a linear system
0 mllg (m1 + mg)’l) m1b1
0 mlaby mi1biv mlb% + I . i
0 mll% + I malav malaby Qiin T -
1 0 0 0
Ys, 7Y'¢')1 —Yp, % —Yp, = Yp, (m1 +ma)v — Y'(/)Q 7Yﬁ21 %1
Y5,b1 —(Yy, + Y5, 2)by ~Np, = Yaby  mqvby — Ny, — Y, 2 g (3.65)
Nﬂ1+yﬂll2 _Nwl_yq/}llQ_Yﬁl %_NBI% _Nﬂl - Y/31l2 mylav — (Nﬂl + YﬂIZQ)% "
0 -1 0 1
}/51 Y52
_ Y5, 01 Ns, »
h Ns, + Y5l 0 ’
0 0
where the terms
I I3
YB1 = Cf1 + Chrq Yﬁﬁ = Cfl; — Crlz Y:51 = —Cfl (3.66)
17 13
N,31 = Cf1l1 — Chrils NT,Z’l = Cfl; + Cﬂ; Ngl = —Cf1l1 (3.67)
b b b
Vs, = Cpa + Crma + Cro Y, = —cfgf - Omgf - Cﬂ;‘* Y5, =—Cry  (3.68)
b3 b3 b3
Ng, = =Cpaby — Cpabs — Croby Ny, = sz; + CmQZ + CT-2Z N5, = Cpobs  (3.69)

also describe the partial derivatives of the lateral tire forces and tire yaw moments [Seg57],[Sam00].
The linear system of equations (3.65) can be abbreviated with

P(.Ilin + Q 9iin = IiI'u” (370)

where the super-scripted “~” marks the linearity of the matrices. It can be rearranged in state
space representation,

. ~ 1, = ~ 1 -
= Qiin = P (7Q) Qiin +\P H)’U,, (371)
A B

where A is called the “system matrix” and B is named as “input matrix” according to the system
theories.
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3.3.2 Linear Equations of Motion with saturated Tire Forces

In contrast to section 3.3.1, the following assumption yields:

e The lateral tires behavior is considered linear-saturated to the related slip angles: F,, o «
and Fy < Fy qax.

This means, that a simplified and linear model is demanded, but the lateral tire forces must be

restrictable to certain maximum and minimum values. This can be accomplished regarding the
second, third and fourth equation of (3.58) and using (3.62). With the state vector

Qinr = [T U1 Bo 7/.)2]T (3.72)

and the vector of the saturated input forces stated in (2.6) and (3.28)-(3.31),

T
Up = [Fyfl,sat Fyrl,sat Fny,Sat Fme,Sat Fyr2,sat] s (373)
the model equation results in
0 mils (m1 + mg)l} mi1by 0 0 0 (m1 + mg)vl
O mllgbl m1b111 mlb% + IQ + O O 0 mlvlbl
0 mllg —+ Il mllzv m1l2b1 qlin,F 0 0 0 m1v112 qlin,F
1 0 0 0 0 -1 0 1
P >
" Qs (3.74)
-1 -1 -1 -1 -1
B —by —by by b3 b u
T l=(i+l) (Us—-1) 0o o o]
0 0 0 0 0
H:
This can also be rearranged in state space representation,
) -1, = -1 -
= Qinr = Pr (-Qp) Qinrp + Pr Hrup. (3.75)
—_——— ———
Ar B

Remark 3.2. This model description requires to pre-calculate the tire forces from the current steer
angles and generalized coordinates indeed, but also allows to use other tire models.

3.4 Roll-extended Single-Track Models

In order to improve the active safety of semitrailers with a steered rearmost axle, the roll stability
has to be investigated. Therefore a nonlinear and linear model will be derived within this section.

3.4.1 Nonlinear Lateral-Yaw-Roll Model

The equations of motion for a precise single-track model of the tractor-semitrailer will be derived
in the following, using the Newton-Euler approach from section 3.1. This model is intended for the
validation of the linear roll-extended model, which will be introduced later in section 3.4.2.

According to figure 3.6 the position of the centers of gravity of the tractor and semitrailer can be
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24 hy cos ¢y

(a) Front view of tractor

(c) Top view of tractor and semitrailer

Figure 3.6: Roll-extended single track model of the TST with a steered rearmost axle

expressed by

(29 4 b1 cos 1y + s cos )1 + hy sin ¢ sin )y
1= | yo + bysintg + lpsint); — hysingg cosy | and (3.76)
i h1 cos ¢
(25 4 ho sin ¢o sin 4,
7o = |yo — hosin gy cos i | . (3.77)
ho cos o

With the generalized coordinates q, = [3:2 Yo o U1 @2 d)l]T, the translational Jacobian
matrices Jr,.1 and Jr.o for the tractor and semitrailer can be evaluated with

ory 1 0 —bysintys hyicosyysing; —lgsiny; 0 h1 cos ¢1 sin Y,
Jrpi=—=10 1 by costy  hysingysini +1lacosyy; 0 —hicosgrcosyyr|, (3.78)
%, 1o o 0 0 0 —hysing,
ory [1 0 hocosipasings 0 ho cos posiny 0
Jrpo=—== |0 1 hosingssinys 0 —hgcospocostyy 0] . (3.79)
% 1o o 0 0 —hysings 0
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The local accelerations results from (3.4) with

2191y cos ¢y costhy — 3 (lo cos by + hy sin ¢y sin ) — ¥3by cos vy — GThy sin ¢y sin gy

a, = 2¢1¢1h1 cos ¢ siny — ¢%(l2 sin; — hl_ cos 1y sin¢y) — ¢§b1 sin g + qﬁ%hl cos 11 sin ¢;
fqﬁhl COS @1

0
am=| 0
[ —P2h2cy,

The angular accelerations can be read as

wrk = JRrkq, + Ori and

vk = Jrerd, + Jrerd, +

Ark

0@,k

ot

(3.80)

(3.81)

(3.82)

Due to the fact that any body rotation is not explicit time dependent (&, = @,2 = 0), the vector
of the corresponding angular velocity w,; and w,s can be described by the rotational Jacobian

matrices

gf_>1 cos 1 | 00 0 0 0 cosy]
Wr ¢1sinyy | =10 0 O 0 sinyy | q,
i qu | 00 010 0
JRT'I
_(1.?2 cos 1 | [0 0 0 0 costye O
Wy posintpe | = |0 0 0 O sineye Of gq,.
i q[;z | 00 1 0 0 0
J rr2
The local angular accelerations yield
—<Z:511/:)1 sin 1y —_952?/}2 sin o
Q1= | ¢rprcosyy| and @2 = | @Parhacosis
0 0

and

Furthermore the applied moments caused by the spring-damping suspensions lead to

e
zyl

le

xy2

[—(d161 + c161 + de(d1 — Pa) + co(d1—¢2)) cos ]

_(dléi’l + 101 + dc(¢51 - ¢2) + ce(P1—2)) sin

0

[—(dadha + 2o — de(d1 — d2) — cc(d1—¢2)) cos ¥

—(dyy + capy — de(Ppr — B2) — ce(Pr—a)) sinahy

0

and

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)

whereby the overall applied forces and moments of the tires and of the spring-damping suspensions
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can be expressed in Cartesian coordinate with
i Fyfls¢1+51 + Fyrlswl + Fauxcwl
—Fypicy+60 — Fyricy, + Fauxsy,
—mig
Fypasy, + Fymasy, + Fyrasy, 16,
Ty f2Cyy — FmeCng - Fyr20¢2+52
—mag
qr = —(d1<y§1 + 101 + dc((/}l - <f)2) + o1 — ¢2))cy, | (3.88)
—(digp1 + c101 + de(P1 — P2) + (D1 — ¢2))sy,
'_Fyflllcél - Eyfls51.hls¢1 + Fyr113
—(d2¢_52 + cagpp — dc((fﬁ - (752) —ce(P1 — P2))Cys
—(dagpa + caa — de(P1 — P2) — ce(P1 — D2))Sys
L Fyf2b2 + Fmebd + Fyr2b4c52 - Fyr2552h25¢2 i

After some calculations the equations of motion can be written in the structure

JIMJ, g+ Tk, = T4 +77Q,49;. (3.89)
N——— N——" N——
M. k. q; q;

This representation describes the vehicle dynamics with respect to the initial reference frame. It
is not intended to use this equation for further derivations, so it is not necessary to transform it
to a body-fixed reference frame. The only purpose is to validate the linear model, which will be
described in the following.

3.4.2 Linear Lateral-Yaw-Roll Model

A proposal for a linear model of a single vehicle considering the roll motion, was published by
Segel (1956). His model takes the lateral, yaw and roll motion of a vehicle at a constant velocity
into account [Seg57]. Until today these equations of motion are important and they are revisited
of several authors who analyze the rollover behavior of vehicles and trucks e.g. [SC98], [OBA99] or
[SMC99]. Furthermore these model approach can be extended for general multi-unit vehicles, as
proposed in e.g. [Sam00], [SCO03] or [CCO8]. In the following a linear lateral-yaw-roll model for a
tractor-semitrailer (TST), based on the mentioned references will be explained and derived.
According to [Seg57] the “Dimensional Equations of Motion” describe the equilibrium of the forces
in the lateral direction (y), the yaw momentum (around z) and the roll momentum (around z) of
a tractor vehicle

mlv('d}l + 51) —mybihy = Y3, 61 + Yd,ﬂ/‘h + Y561+ F. (3.90)
Iy — Inz1y = Ny, B1 + Ny v + N, 61 — Fely (3.91)

Lzt +mah?) 1 — myv(hy + 1)hy — Lzt = mighin — 1y — didy — ce(dpr — d2) — Fezn,
(3.92)

where F represents the internal force at the hitch. The tire forces at the front and rear axle (Fy 1
and Fy,1) can be linearly described by the terms Yp,, Y, and Yj,, the caused torsional moment
by Ng,, Ny and Nj,. They are defined in the equations (3.66)-(3.69). As a simplification the
sprung and un-sprung masses are not distinguished. Figure 3.7(a) illustrates the nonlinear kinematic
relation between the tractor frame, the tractor’s center of gravity and the kinematic constraint to
the coupled semitrailer in consideration of the roll motion around the angle ¢;. Since a linear model
has to be derived, the trigonometric terms can be linearized as clarified in figure 3.7(b). The free
body diagram is shown in figure 3.8.
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(a) Nonlinear kinematic (b) Linearized kinematic

Figure 3.7: Kinematic of the tractor-semitrailer coupling-hitch in the horizontal and vertical direc-
tion.

In analogy, the equations for the semitrailer can be written as

mav(thy + Ba) — magahs = Y, B + Ylg,zil.fz + Y5,00 — F, (3.93)
Ipthy = Luzada = N, B + Ny, 02 + Ni, 02 — Fe by (3.94)

(Lpaz + mah3)da — mav(the + Ba)hg — Lpzothy = maghags — cada — dada + co(pr — da) + Feoza.
(3.95)

Remark 3.3. For the following derivatives, substitutions and rearrangements a MATLAB-Code is
provided in A.3.

The body slip angle of the tractor 5, and the slip angular velocity B1 can be substituted using the
kinematic coupling constraints (3.49) and (3.50).
Furthermore the internal hitch force F,. can either be eliminated by using ...

... the lateral equations of the tractor and semitrailer (3.90)—(3.93)
milan + (ma +my)vBe +mibiths +my(z1 — hi)d1 — (ma 22 +maha)ds = ...
I . b )
s T YﬁlF + (le + Yﬁl ;2)1/}1 + (Yﬁ2 + Y51)62 + (Yw2 + Yﬂ1 ;1 - (ml + m2)v)¢2~~~ (396)

21 Za
ot Y by = Yo,y 4 Y, 01+ Vi, 0,
... the lateral equation of the tractor and the yaw equation of the semitrailer (3.90)—(3.94)

mibilothy +mibivfa + (mab? + I)hs + mabi (21 — ha)1 — (Lpaz + mabi22) o =
l . b2 .
=Y, 01T + (Y, + Y5, f)bﬂ/ﬂ + (N, + Yp,01)B2 + (N, + Vg, ;1 — myvby) s (3.97)

VAR 2o .
1Y, blim - Yglblv—z@ + Y5,b161 + Ns, 8,



Chapter 3. Modelling 37

... the lateral and the yaw equation of the tractor (3.90)—(3.91)
(mal3 + L)y + malavBa + malabity + (mala(z1 — M) = Liz1) 1 — malozaghy =

12 la.
—(Ng, + Y, b))l + (N, + Y la+ Y3, ;2 + Ng, ;2)1/21 + (Ng, + Y, l2) B2+

(3.98)
((Ng, + Yﬁllz)% —myvly)yz + (Vs lo + Nﬂl)%¢51 — (Ng, + Yﬁllz)%éﬁz
+(Ns, + Y5,12)01,
... the lateral and the roll equation of the tractor (3.90)—(3.92)
(ma(z1 — ha)la — Toz1)ths +ma(z1 — ha)vBa + ma(z1 — ha)bidhs
+(Lppr +my(h3 + 27) — 2m1h121)¢51 +myza(h1 — Zl)€£2 =
(3.99)

l . by, -
—Yg, 2l + Zl(Yﬁlf + Y )1+ Ya, 2182 + (myv(hy — 21) + Y, 21 ;1)%
22 . Z .
+(Y3, ;1 —dy)p1 + (mighy —c1 —co)pr — Yp, 21 ;2% + e + Y5, 21601,

.. or the lateral equation of the tractor and the roll equation of the semitrailer (3.90)—(3.95)

—m122l2¢.1 — (mahg + m122)052 — (mazeb + Imzz)TZ}z
miza(hy — Zl)él + (Lpa2 + m2h§ + mlz%)(b’Q =

l - b1, ; 1
Yp, 2ol" — '7«‘2(5/51;2 + Y )¥1 — Y, 2282 + (mahav + myvze — Yﬂ122;1>¢2 (3.100)

2
1 z. .
—Yp, 22;1% +cc1 + (Yﬂlf — do) 2 + (maghe — ca — cc) P2 — Y5, 2201.

Moreover, the derivation of (3.19) with respect to the time leads to the additional equation
L=, — . (3.101)
The equations (3.96)-(3.101) can be rearranged in matrix form by using the state vector

1" (3.102)

Qi = [T U1 B2 Yo 1 1 2 o

and the input vector
T

This results in equation (3.105) which is reproducible with the MATLAB-Code of A.3. This model
equations can be used for the simulation-process, but the roll angles ¢; and ¢5 does not directly
represent the risk of a tractor and Semitrailer rollover. Therefore a “Load Transfer Ratio” can be
introduced.

3.4.3 Load Transfer Ratio (LTR)

A performance index is needed in order to quantify the rollover risk. According to [AO98], [AO99]
or [CP01] a rollover coefficient or so-called “Load Transfer Ratio (LTR)” can be used, which is
defined as

Fz,R - FZ,L

LTR = -=f—-=l 3.104
FZ,R + Fz,L ( )
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Figure 3.8: Five-DOF tractor-semitrailer model, which includes a rollover consideration.
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whereby F g is the sum of the vertical forces on the right tires and F, j is the sum of the vertical
forces on the left tires (with respect to the back view of the concerning vehicle). The LTR ranges
from +1 to —1. In case of a wheel lift, the vertical tire force on that side will disappear and the
LTR will become +1. For driving straight, it will result in LTR = 0. As recommended in [vdV11],
the vertical tire forces for the semitrailer can be estimated by

maby €29
F, = — (— + ay.2(hyo 4+ ho cos ) 3.107
JR2 ea(by +bg) \ 2 y,2( 12 2 ¢2) ( )

maby €249
F, = 7(— — h, h ), 3.108
L2 ea(by +b3) \ 2 ay,2(hr.2 + ha cos ¢2) ( )

with the lateral acceleration of the semitrailer

aya = v (B2 + ta) — hago, (3.109)

the track width e; and the height of the roll center h, s of the semitrailer. These relations re-
sults from the force and the moments equilibrium. All the geometric distances are illustrated in
figure 3.8(a).

3.5 SimPack Model

Since a real TST system with all the sensors and the actuator for the steerable rearmost axle is
not available for this work, the performance of the steering strategies controllers will be verified
on a detailed and verified multi-body simulation model. As shown in figure 3.9, it is implemented
in the numerical multibody simulation software “SIMPACK”. This model is provided by previous
and related research projects. It takes all the relevant sub-systems into account, which form the
vehicle structure and characterize several dynamics and forces, e.g. for braking forces, Ackermann
steering geometry, additional constraints etc. Moreover, the multibody model relies on a very precise
tire model, which is based upon look-up tables identified experimentally. It also provides a “Co-
Simulation Interface“ (simat_8904_r2010a.dll) to SIMULINK, which was tested with MATLAB 7.12.0
(R2011a) and can be used to obtain the measurements from the system and to apply the control
actions, respectively. At the end of every simulation, all the data is available in the workspace,
ready for post-processing and analyzing.

=) SIMPACK 8904a - Model Setup: ETH_K1 ** Academic license ** i ___I_D_]‘E_J
File Edit View Info Globals Elements Calculation Animabon ____________ — A - Help
EED®6eEs Q]aadodnxess

g
B4 €8 =Dnms

(1D U1 WD
A G R S
fLM;“: © 7
(T 0BT 2%

&

Figure 3.9: Screenshot of the multi-body simulation SIMPACK model.



Chapter 4

Control Strategies

The developed control strategies are derived and introduced within this chapter. On the one hand
controllers for the tractor steering are designed in order to follow a given path constantly and on the
other hand trailer-steering strategies for the track-tracing of the semitrailer are proposed. Finally,
a controller will be proposed which intervenes with the semitrailer steering and aims to reduce the
risk of a trailer rollover.

4.1 Virtual Driver

Since the tractor-semitrailer models should follow a given path with a constant velocity, it is nec-
essary to design a submodel called “virtual driver”. During the simulation, it has to emulate the
behavior of a human driver, who tries to keep a certain tractor velocity v; and adapt the front
steer angle of the tractor §; to stay on a defined path.

4.1.1 Cruise Control

This section describes the feedback control system, which automatically controls the speed of the
semitrailer unit to a specified velocity called viarger. Figure 4.1 shows the structure of the closed
loop, where >\ .1, characterizes the nonlinear tractor-semitrailer system derived by section 3.1
and PID(s) denotes a standard proportional-integral-derivative (PID) control.

Vtarget €y Faux ‘rtQa yQ %) ) U2
PID(s) > > NonLin > /Ty T Y3

V2

\J

Figure 4.1: Feedback control system for the cruise control.

It will be used to gain the velocity error e, in order to apply an auxiliary force on the tractor in the
longitudinal direction. The scalar velocity vo of the semitrailer can be obtained from the system
output, independently of the represented reference frame. In this example the target velocity is
constant, so that the auxiliary force only compensates the dissipation results from tire slip forces
during the cornering.

The velocity of the SIMPACK-model according to section 3.5 has to be controlled by opening the
throttle (0...100%) or pushing the brake (0...100%). In order to control the dynamics of the actors
independently, the changed structure of the closed loop results in two PID(s) controls as shown
in figure 4.2. Both contain a saturation to the positive range of 0...100%. So if the velocity of the

41
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> PID(S) _/_ # Throttle
>sp

v To, Y v
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Figure 4.2: Feedback control system for the cruise control.

semitrailer is greater than the target velocity (e, < 0), the break will be pushed and the throttle
will be ignored.

Remark 4.1. Since the linear model derived in section 3.3 is derived with the assumption of a
constant body velocity, this control system is not necessary for simulating the linear system.

4.1.2 Tractors Steering Control

Before the design-process of a steering control for the front angle of the tractor, the definition of
the target path has to be discussed. A path can be discretized by a number of path points. Their
interconnection shapes a polygon, which describes a certain path. In order to generate various
types of paths, during this thesis the following functions are developed:

o pathAddStraight(...) — generate multiple points on a straight path;

e pathAddArc(radius,...) — generate multiple points on an arg path, specified by a given the
radius;

e pathAddSin(...) — generate multiple points on a sine path.

A hypothetical created polygon of the so-called “target-path” is depicted in figure 4.3.

The target steer angle of the tractor during each simulation time-step depends on the tractor’s
position, orientation and the given target path-polygon. So the strategy for the steering controller
is to detect and follow the path-polygon in the close environment of the tractor’s front, similarly
as it does a human.

407 T

351

300 arc path

251

z/m 94l
15k sine path
101
51

0 -10 0 10 20 30 40 20

y/m

straight path

Figure 4.3: A hypothetical target-path polygon, defined by path points and created by developed
the functions.
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Figure 4.4: Strategy of the virtual drivers controller of the tractor front steer angle 6;.

Figure 4.4 proposes the usage of a “prediction-arc”, which is relatively defined by the tractors center
of gravity, the radius Rpredarc and a wide arc length. In analogy to the target-path, it is defined by
arc points which specify a polygon. The intersection 7; of the prediction-arc and the target-path
indirectly determines the steer angle §;. Since the tractor should move in the direction of r;, the
virtual driver has to calculate the deviation angle AfS; and use it for the steering control. In detail,
the intersection with respect to the tractors coordinate system O can be described with

w71 = 2P = ¢r(ri — 1), (4.1)

where the transformation matrix , ¢; is defined in (3.15) and 7, is the tractor position vector. The
related orientation angle fpreqa can be computed by the arctangent of the y/z-coordinate tuples. In
conclusion, the difference between Bp..q and the body slip angle 3; results in

Aﬁl = Bpred - ﬁl- (42)

This quantity will be used to influence the steer angle §; of the tractor’s front wheel to com-
mand the orientation of the tractor in the direction of ,.71;, as it is structured in figure 4.5. The
block called ) .qp can characterize any of the regarded TST models, since this control strategy is
independent of the model itself.

The intersection of the two polygons has to be calculated during each simulation time-step. There-
fore an algorithm is developed, which calculates the intersection using the theory of the linear
algebra. The equations of two lines (g, N g;), characterized by position vectors r, and r, and
direction vectors n, and n,;, can be written as

g.(ag) =re+asn, and g,(ap) =71y + apng, (4.3)
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Figure 4.5: Feedback control system for the tractors steering control.
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Figure 4.6: Considered path point of the virtual driver are limited to a certain range.

where «, and «; are the line parameters. If the two lines intersect (g, = gp), there will exist a
solution for the inhomogeneous linear system of equations in the form of

[ggj —[na ] (ra - ). (4.4)

Ensuring that the lines are only considered in the range between the polygon points, the position
(k)

vector r, ° and direction vector nt(zk) has to be redefined for each intersection calculation at each
kth-polygon line part. If the parameters are in the range of
0<ay <1 and 0<ayy <1, (4.5)
the polygon intersection will result from (4.3) with
ri =r® 4oy n, (4.6)

In some cases there exist additional intersections between the prediction-arc and previous or subse-
quent target-path parts. This can be prevented with the consideration of path points in a limited
range, starting at the recent path point, which took part for the previous calculation of the inter-
section. Figure 4.6 shows these relations and also clarifies, that the paths are treated as a polygon.

4.2 Steering Strategies for the Track-Tracing of a Semitrailer

— THE CONFIDENTIAL CONTENT IS RESTRICTED —

4.2.1 Feedforward Controller for a Steady-State Turn
— THE CONFIDENTIAL CONTENT IS RESTRICTED —
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4.2.2 Feed-Back Controller for a Path-Following
— THE CONFIDENTIAL CONTENT IS RESTRICTED —

4.2.3 Feedforward-Feedback Control (FFFB)
— THE CONFIDENTIAL CONTENT IS RESTRICTED —

4.2.4 FFFB with Reset & Patch-Strategy
— THE CONFIDENTIAL CONTENT IS RESTRICTED —

4.2.5 FFFB with Reset & Shift-Strategy
— THE CONFIDENTIAL CONTENT IS RESTRICTED —

4.2.6 FFFB with Relative Coordinates
— THE CONFIDENTIAL CONTENT IS RESTRICTED —

4.3 Steering Strategies for Active Rollover Avoidance
— THE CONFIDENTIAL CONTENT IS RESTRICTED —

4.3.1 Rollover of a Single-Unit Vehicle
— THE CONFIDENTIAL CONTENT IS RESTRICTED —

4.3.2 Active Roll Damping of a Tractor-Semitrailer
— THE CONFIDENTIAL CONTENT IS RESTRICTED —
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4.3. Steering Strategies for Active Rollover Avoidance




Chapter 5

Simulation

The derived tractor-semitrailer (TST) models and steering strategies are implemented in different
simulation software in order to analyze the system behavior for different drive maneuvers. This
chapter describes the simulation structures and results of the designed models and steering strate-
gies.

5.1 Simulation Structure

Within the scope of this work various models and strategies are developed. This section gives a
brief overview of the process chain and introduces the structures of the different simulation models.

5.1.1 Global Process Chain

Figure 5.1 shows the generalized process chain for the tractor-semitrailer simulation. The constant
model parameters, simulation settings, controller parameters and initial conditions are defined
during the “Pre-Processing”. Furthermore the model inputs i.e. the tractor steer angle §; or target
path are determined. The next step includes the calculation of the simulation results. On one hand,
the derived nonlinear and linear TST-model equations are completely implemented in SIMULINK
and on the other hand the complex validation model runs in a “Co-Simulation dll-Interface” with
SIMPACK. Afterwards the simulation results can be red and the trajectories can be calculated with
respect to the initial reference frame Of. The summary of the results is plotted in several figures
and a 3D-animation of the moving tractor-semitrailer can be generated. This animation is created
by the MATLAB-Toolbox “MATCARANIM”, which was developed in the scope of this thesis and
is documented in the appendix B.

5.1.2 Structure of the Simulation Models

The following T'ST-models introduced in chapter 3 are considered and investigated in the scope of
this thesis:

e Nonlinear Lateral-Yaw Model Y gy e Nonlinear Lateral-Yaw-Roll Model ZTST,ROH
e Linear Lateral-Yaw Model ZTST,lin e Linear Lateral-Yaw-Roll Model ZTST,Iin,RoH

o StMPAcK-Model ZTST’SP

At first the steering strategies for the track-tracing of the semitrailer will be analyzed using the
“Lateral-Yaw Models” and the system structure according to figure 5.2. The equations of motion
are implemented in the subsystem “Tractor-Semitrailer-Model” which is involved in the integra-
tion loop. The state vector & includes the generalized coordinates q in state-space representation

47
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conforming to equations (2.51) and (3.63), respectively. The model parameters are provided in a
structure variable. Normally a human driver steers the tractor, opens the throttle and pushes the
brake. So during the simulation these tasks are managed by the “Virtual Driver” which needs the
current tractor position with respect to the initial reference frame and the system states. The cruise
control ensures that the TST drives with a target velocity. On one hand, it is possible to give a
target path which should be followed by the tractor and on the other hand the steer angle of the
tractor can be directly defined. The track-tracing strategy of the semitrailer is implemented in the
block “Semitrailer Ctr (FFFB)” which contains the steady-state law and one of the path-following
controllers of the sections 4.2.2-4.2.6.

— THE CONFIDENTIAL CONTENT IS RESTRICTED —

The state vector x, includes the generalized coordinates g, in state-space representation again.
The different constellation are analysed in the following section.

addPath(common used Functions & Toolboxes)
I
Initialize Struct with Model Parameters: par = set_par(..)
[
Initialize Flags, Controller Parameters and Initial Conditions
[
Create “Target Path” or define the Tractor Steer Angle d; / Plot

‘ _____________________________________________

Simulation / Integration of the SIMULINK-Model fe--i

MATLAB
Pre-Processing

Only for the Simulation of the SiMPACK-Model

Read SIMULINK-Simulation Results
T

Calc & Plot Trajectories with respect to Of
[]

3D-Animation with the developed Toolbox: MATCARANIM

MATLAB
Post-Processing

Figure 5.1: Structure of the global process chain for the tractor-semitrailer simulation.
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Figure 5.2: Simulation structure of the lateral-yaw models for the investigation of the track-tracing.

5.2 Results and Analysis

This chapter presents and analysis the simulation results of the concerning simulation models and
strategies. Beside the validation of the various TST-models, the impacts of steering strategies and
the behaviors of the dynamic systems are analyzed. The explicit values of the model parameters
and control gains are given in the appendix A.1.

5.2.1 Response Characteristics of the linear Models

The system-dynamics of the linear “Lateral-Yaw Model” (ZTSTJin) and “Lateral-Yaw-Roll Model”
(ZTST,lin,Ron) can be characterized by multiple transfer functions. They can be formulated from
each input to each output and are defined by a single regarded Laplace transferred input U(s) and
output Y'(s). In general it results in

Y(s)
U(s)

For a system in state-space representation it can be calculated according to (2.56). Initially the
model ) g7y, has to be taken into account. One consideration is the influence of the semitrailer

steer angle do on the yaw dynamics (i.e. 1/)2) of the trailer. According to (3.71) the previous transfer
function results in

G s, (8) = cfu (sT — A)"'bs, . (5.2)

The input matrix bs, is the second column of B from equation (3.71) and the output matrix is the
row vector ¢, = [0 0 0 1], which is used to select the semitrailer yaw velocity . Figure 5.3
depicts the Bode-diagram for various TST velocities. It shows that the magnitude of the response
exponentially increases with velocity and that a velocity of more than 120km/h leads to high
amplifications(|G 5, > 1) at frequencies between 1rad/s and 10rad/s.



50 5.2. Results and Analysis

The transfer function from the semitrailer steer angle do to the roll angular velocity (i.e. qbg) of
the trailer can be calculated in order to investigate the roll dynamics of the semitrailer. It can be
derived from equation (3.106) with

G0, (5) = c’f@(sl —A)7 b, . (5.3)

Similarly the input matrix b,.s, is the second column of B, from equation (3.106) and the output
matrix is the row vector ¢ by = [0 000 0 01 O], which is used to select the semitrailer

roll velocity ¢o. Figure 5.4 illustrates the Bode-diagram of the roll transfer function for different
TST velocities. It also shows that the magnitude of the response exponentially increases with the
velocity and that a velocity of more than 120km/h leads to high roll amplifications(|G,5,| > 1) at
frequencies between 2rad/s and 8rad/s.

5.2.2 Validation of the TST-Models

The various TST-models must be validated and compared before they can be used for the assessment
of the steering strategies. For the general validation of the models the steering the semitrailer is
ignored which means d, = 0. Figure 5.5 depicts the animation screen-shots of a TST entering a
roundabout. The simulation results were calculated with the “Nonlinear Lateral-Yaw Model” » 1o
and the animation was created with the Toolbox MATCARANIM. Figure 5.5(a) clarifies the single-
track model in a 3D-view and figure 5.5(b) shows it from a top-view. Furthermore, the trajectories
of the 5'"-wheel and the rearmost trailer end are illustrated. Since the trailer is unsteered it offtracks
to the inside of the turns, which results in a deviation of the both trajectories. Within this driving
maneuver the different models are compared and validated in the following.

10 T T T T T T T T T
ok o= 120kn/b e B 1
= 60k
=2 S “v = 60km,/!
~-10 v = 30km/h .
;% v = 15km/h
&5-201 -
£
S
-30F 2
40+ i

102 107! 10° 10! 102 103
Frequency w (rad/s)

Figure 5.3: Bode diagram of the amplitude frequency response Gu}z 5 (jw) of the yaw transfer
function at different TST velocities.
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Figure 5.4: Bode diagram of the frequency response G ;. (jw) of the roll-transfer function at
different TST velocities.

Figure 5.6(a) depicts the position-trajectories of the nonlinear (3 rqr), linear (3 g 5,,) and SiM-
PACK (3 gp) “Lateral-Yaw” model at a velocity of 20km/h and a roundabout radius of 20m. On
one hand it shows the positions of the 5**-wheel (C) and on the other hand the trajectories of the
rearmost trailer end (E). Comparing all TST-model it is obvious, that the simulation results of
the different systems are broadly similar. In the detail view some small deviations are recognizable
which result from the simplifications and assumptions during the derivation. The associated tire
forces of the nonlinear and SIMPACK-model are plotted in figure 5.6(b). Since the front axle is
controlled by the steering controller of the virtual driver which sequentially adapts the steer angle
to the target path, some small oscillations of the concerning tire force Fy ¢ can be observed. The
differences between the models are also very small and can be neglected. Since the linear model
uses the same tire model as the nonlinear, the trajectories of the tire forces are almost the same
and are not shown.

Remark 5.1. The illustration also clarifies that the largest tire forces always occur at the rear axle
of an unsteered semitrailer. According to section 2.1.1 the tire force depends linearly on the tire slip
angle. So in order to reduce this tire force, the semitrailer should be equipped by an active steerable
axle which is the focus of this research.

The roll-extended models contain the same lateral and yaw equations, so the resulting trajectories
are also very similar. In particular during the low velocity of 20km/h the roll motion is vanishing
small. In order to validate the “Lateral-Yaw-Roll” models, the load transfer ratio (LTR) at a
higher velocity can be regarded. Figure 5.7(d) illustrates the LTR-trajectories of the nonlinear
and linear “Lateral-Yaw-Roll” models with an unsteered semitrailer and at a velocity of 35km/h.
The input of the system is the tractor steer angle 41, shown in figure 5.7(a). Furthermore the



52 5.3. Figures

tire forces (calculated by a saturated tire force law) are depicted in figure 5.7(b). Finally the
position-trajectories are shown in figure 5.7(c). Since the TST drives with a high velocity and a
relatively large tractor steer angle is applied, the rear tire force of the semitrailer is saturated and
the semitrailer is close to a rollover (LTR2 — 1). The difference between the nonlinear (3 _rgr gop)
and linear (ZTST’HH’ROH) roll-extended model is very small, so it can be assumed that the linear
model is valid and accurate for the roll investigations.

5.2.3 Track-Following Analysis with the Horizontal Planar Models
— THE CONFIDENTIAL CONTENT IS RESTRICTED —

5.2.4 Active-Roll-Damping Analysis with the Roll-extended Models
— THE CONFIDENTIAL CONTENT IS RESTRICTED —

5.3 Figures

This section contains the essential figures of the simulation results. For simulating a time of 20sec,
the calculation times approximately resulted:

e Nonlinear-models: about 20 sec
e Linear-model: about 10 sec

e SIMPACK-model: about 2 min

— THE CONFIDENTIAL CONTENT IS RESTRICTED —



Chapter 5. Simulation 53
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Figure 5.5: Animation of a tractor with an unsteered semitrailer entering a roundabout. The sim-
ulation results were calculated with the “Nonlinear Lateral-Yaw Model” 3 . .¢p and the animation
was created with the Toolbox MATCARANIM.
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1 1 1 1 1 1 x/m

30 40 50 60 70 80

(a) Trajectories of 5'"-wheel and rear trailer end position (Nonlinear, Linear & SIMPACK-model).
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(b) Tire forces of the tractor with the unsteered semitrailer (Nonlinear & SIMPACK-model).

Figure 5.6: Position-trajectories of the different models with an unsteered semitrailer and at a
velocity of 20km/h.
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Figure 5.7: Trajectories of the nonlinear and linear “Lateral-Yaw-Roll” models with an unsteered
semitrailer and at a velocity of 35km/h.
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Chapter 6

Summary and Outlook

This thesis focuses the modeling and control of articulated tractor-semitrailers (TST). Standard
European semitrailers usually utilize an unsteered tri-axle group. They are produced with low
financial efforts but have a high tire wear and a reduced maneuverability. The objective of this
thesis was to investigate the utilization of a steered rearmost axle of semitrailers in order to improve
the performance during low-speed turning maneuvers, high-speed cornering and to react during
critical situations such as rollover.

The second chapter introduced some fundamentals of vehicle dynamics with respect to the charac-
terization of the tires, basic vehicle modeling and TST specific approaches. Furthermore, insights
of previous research were given and some existing steering and control strategies for a tractor-
semitrailer trace-tracking and rollover prevention were presented.

The first challenge during this work was to derive a linear and nonlinear TST single-track model,
which take the lateral and yaw motion of the coupled vehicles into account. On the one hand the
nonlinear equations of motion (derived by the Newton-Euler approach) characterize the dynamic
behavior very accurately, but on the other hand the simplified linear equations can be used for
system analysis and for the design of linear model-based controls. The linear model was represented
with a saturated tire model and as a fully linear formulation. In addition, the models were extended
and re-derived in order to account for the roll motions of the system at high-speed. Finally, the
existing multibody simulation (SIMPACK) model was introduced.

Afterwards the control strategies for the tractor front axle steering and the semitrailer rearmost
axle steering were developed and explained. Since the main focus of this thesis was to improve
the semitrailer tracking and roll behavior using rear axle steering, multiple control strategies for
the semitrailer-steering were designed. Thereby the trajectory of the coupling point is traced with
the rear trailer end, reducing offtrack and improving maneuverability of the vehicle. In this scope
a steady-state and feedback control strategy was developed. In addition, a feedforward-feedback
controller (FFFB) combines both strategies. Furthermore an “active rollover damping” (ARD)
control law was proposed, which intervenes with the tractor and / or the trailer steering and aims
to reduce the risk of a trailer rollover.

Finally, the derived models and controllers were implemented into the simulation environments. The
process chain and simulation structures were illustrated and explained. The models were validated
and compared within the simulation results. The influences and improvements of the steering
strategies were investigated for a typical maneuver: entering a roundabout at low velocity. It was
shown that the FFFB strategy leads to a reliable track-tracing at both, the simplified nonlinear
TST model and the precise SIMPACK model. Moreover the ARD was tested at the tractor and the
semitrailer steering. The roll dynamics were simulated during a critical maneuver and the results
were analyzed.

— THE CONFIDENTIAL CONTENT IS RESTRICTED —

In a further research the derived TST models can be used in order to extend the investigation and

o7
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improvement of the model dynamics using the trailer steering. An optimal path following behavior
of the trailer can probably also be realized, designing appropriate observers. The introduced active
roll damping strategy is very simple, has a great potential and should be considered in further
investigations. Of course, new alternative rollover-prevention-controls could also lead to much
better improvements. However, before an universal steering strategy can be implemented on a real
semitrailer control device, various control and switching strategies for mixed maneuver (low and
high speed / sharp and smooth cornering / different load cases) should be designed and tested
intensively.



Appendix A

Model Parameters and Additional
Derivations

A.1 Vehicle Parameters

— THE CONFIDENTIAL CONTENT IS RESTRICTED —

A.2 Math Notations

This chapter introduces the math notations of this work. On one hand they are inducted to
simplify and shorten the equations and on the other hand they should be conductive to the clear
understanding of complex relations.

In expensive equations the trigonometric functions of an arbitrary angle « are abbreviated with

So = sin(a) Cq = cos(a), (A1)

as it was suggested in [PS10]. Whenever a symbol of the Greek alphabet is sub-scripted after a ’s’
or 'c’ letter, it will be treated as the argument of the sinus or cosines function, respectively.

If a vector r or coordinate tuple z is expressed with respect to a reference frame called O°, the
abbreviation will be subscripted before the quantity,

r,or . (A.2)

s

Otherwise they are related to the initial reference frame O’. Furthermore the transformation of a
reference frame OT to the frame O° will be notated with

SPT. (AS)

The description of a trajectory or discrete points of time will be realized with a super-scripted and
stapled index or position. So a position trajectory of n values can be exemplarily described by

r®) where k = 1(1)n. (A.4)

A.3 Equations of Motion according to the Lagrangian Ap-
proach

In the following, the non-linear model in agreement with the Lagrangian equations of motion of
second kind is derived. In [dBO1] and [FMGO6] a model of an articulated vehicle with n-trailers

99
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conforming to Lagrange’s method was established. The kinematic energy (T') can be written as

= I Ml T (A5)

k=1

where 7, is the position vector of the center of gravity and M denotes the mass matrix

myg 0 0
M =10 m O (A.6)
0 0 I

of the corresponding body with index k. With the determination of the generalized coordinates
T
q=[r2 y2 Y2 1] (A7)

. aT
the vector [rf 1/)k] can be expressed by

m] =Jnq, (A.8)

where J is the Jacobian matrix of the tractor and J; of the semitrailer body,

1 0 —bisinyy —lasinyy 1 0 0 O
Ji=10 1 b1 cos Pa I3 cos and Jo=10 1 0 0f . (A.9)
0 0 0 1 0 01O

Substituting (A.8) into (A.5) yields
1 2
T = §qT M(q)q , where  M(q)=> J{ My J; (A.10)
k=1

is the global mass matrix. In contrast to the matrix presentation, the kinetic energy can also be
calculated segmentally,

1 2 2
ZZM[kl quw) 4y - (A.11)
k:1 =1

According to the methods of the virtual work described in [Sha05], the D’Alembert-Lagrange’s
equation can be derived. For the current MBS with four degree of freedoms it results

d oT oT
ZZ:: (dt@qm T dan Q[i]) oqp) =0, (A.12)

where dq is the vector of virtual displacement in generalized coordinates and @ is the vector of
generalized forces, respectively, the term Z?Zl Qi) 0qi) characterise the virtual work W, of the
generalized forces. It can also be calculated with the vector of applied forces F'. and the virtual
displacement 7. in Cartesian coordinates in matrix form,

W, =Q"5q = FT ér. . (A.13)
Since the virtual displacement in Cartesian coordinates can be written as

or.
e 5q . (A.14)

0r. =
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the vector of generalized forces can be evaluated by

7 Ore

e aq ’
where r. contains all positions of the acting tire forces in Cartesian coordinates. For the vector of
the applied tire force in Cartesian coordinates it results

Q' =

(A.15)

Fflx Fyfl Sin(’(ﬂl + 51)
Ffly —Lyf1 COS(1/)1 +51)
Frlm Fyrl sin 7/}1
Frly _Fyrl COS 1/)1
Ff2:1: Fyf2 Sinw2
_ | Fray | _ —Fyyacos iy
Fe B FmZx B Fym2 sin % ’ (A16)
Fm2y —L'ym2 COS 1;[}2
Fr2m Fyr? Sin(flpZ + 52)
Fr2y —Lyr2 COS(¢2 + (52)
Fla: Faux COs 1/12
L Fly | L Faux sin ¢2
at the positions
EZN [ + by cos g + (11 + l2) cos |
Yr1 Yo + by sinhs + (l1 -‘rlg) sin ¥
Tr1 T3 + by cospy — (I3 — I2) cos
Yr1 Yo + bysintpy — (I3 — I2) siney
Zf2 o — b2 COS d)g
| Y2 | _ Y2 — ba sin o
e = B 2y — bs COS . (A.17)
Ym2 Y2 — bz sin ey
Ty To — by cos g
Yr2 Yo — bysino
T o + b1 cos g + Iy cos iy
L vi ] [ y2tbisingg +lasinyy

If the generalized coordinates ¢; are linearly independent, Eq. (A.12) leads to Lagrange’s equation
of second kind which is given by
d oT B orT
dt BQ[i] 3(][,~]

=Qu, i=1(1)4. (A.18)

For the i*" generalized coordinate the derivatives can be calculated,

88;[;] = Z M ndn (A.19)
(ing[; = ZM[z 04 +;; 0q[ pakCRlY (A.20)
2
fqu[;} - ;kz_l = agi[f . (A2
So the equation of motion for the i*" generalized coordinate leads to
iM[i,z]d[z] + 22: 22: (6?)?;’” - ;6(]9\2];’1]) d) duy = Q> 1= 1(1)4, (A.22)

=1 k=11=1
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or formulated in matrix form

M(q)G+C(q,4)q4=Q(q) - (A.23)
After some rearrangements, the equation of motions in matrix-form results
mi1 + mo 0 —b1mls¢2 —lgmlswl
0 mi1 + mo b1m1C¢2 lgm1C¢1 q I
—bimisy, bimicpsi, mib? + I 1ob1M1Copy —apy
—lzmlswl l2m1C¢1 lzb1m1C¢17¢2 mllg + 1
0 0 —142()177’11&1,2 —1/%112777/1@[,1
. 0 . 0 71/)2b1m181/,2. 7¢112m1s¢% .
| Yabimacy,  Yebimusy, bima(d2cu, + gasys — Yrlasyi—ys)  lebimisy,—ua (201 —92) 14 (A 24)
.2 .2 2 . . 2
~ Yilamacy,  Yilamasy, labimasy, —y, (Y1 — 2002) lama (YabiSy, —yy + F2Cy, + Yasy,)
2 2 2 2
Fyr18514u1 + Fyrassyys + Fypasy, + Fymasy, + Fyrisy, + FauxCy,
_ —Fyr1Cs, 491 — FyraCos+y, — FypaCyy — FymaCy, — FyriCy; + FauxSy,

Fyf2b2 + Fmebd - Fyrlblcwl—wQ - yf1b1C61+w1—1/)2 + Fyr2b4C62 + Fauxblsd)l—wg
Fyri(ls —l2) — Fypics, (I + 12)

The trigonometric functions are notated in agreement with (A.1).

A.4 Validation with the Bicycle Model

In this section the derivation of the equations of motion should be validated with the bicycle model
derived in section 2.1.2. Therefore, the position vectors to the centers of gravity will be redefined
(in contrast to section 3.1.1) with respect to the tractor (and not to the semitrailer) as shown
in figure 3.1,

T 1 — lo cos P — by cos o
L= U and To = Yy — ZQ sin 1,[}1 — bl sin 1/)2 . (A25)
0 0
With the generalized coordinates q; = [331 Y1 1/)2] T, the translational Jacobian matrices J 71

and J o for the tractor and semitrailer results in

1 0 0 O 1 0 Iy siny b1 sin 9
6r1 67'2
Jlea—: 01 00 and Jnga—: 0 1 —lpcosyr —bicostpa|. (A.26)
@000 0 oo oo 0 0
In analogy to (3.4), the local acceleration are
0 lszﬂ?% + blcwz w%
dl =10 and dz = ZQSwlﬂ}% =+ blswdzg (A27)
0 0

and the applied forces g° are identical to (3.10). Conforming to (3.6) this yields

my + ma 0 lamisy, b1m1 Sy, l2m2%11ﬁ + b1m26w27{}%
0 mi + mo —lamicy, —bimicy, G l2m28¢1¢% + blm?sw%

lgmlswl —lzml(hpl mglg + I lgblmQCwl_w2 gl w%l2b1m28w1_¢,2

bimisy, —bimiCpsi, l2b1Macy, —y, mab? + Ip —¢§lgb1mgswl,¢2

A28
Fyp185, 491 + Fyrasssuo + Fypasy, + Fymasy, + Fyrisy, + FauxCy, (429
—Fyp1¢5,49, — FyraCoo s — FypaCy, — FymaCy, — FyriCy, + FauxSy,
Fypaba + Fymabs — Fyr1b1Cyy —py — Fyp1b1Cs, 4y~ + Fyrabacsy + Fauxbisy, —y,
Fyri(ls —la) — Fypics, (I + 12)
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After the transformation (3.17) with the generalized coordinates ,q; = [;21 ,y1 1 1/12]T
and the rotation matrix

1 cosypy —sinyy; 0 0] [r21
Y| _ |sinyy costpy 0 0| | %1
oy | = 0 0 10| | v (A.29)
¥ 0 0 0 1] | 9o
q1 IQT Tq1

to the tractor-fixed reference frame O7 shown in figure 3.2, the tractor related equations of motion
can be written by

mi1 + meo 0 0 —blmgsipl,@/,z ’L/.J%ZQTT.IQ +1/'J§b1mgc¢1_¢.2 —1/.)1 Ty'1 (m1+mg)
0 mi + ma —loma —b1mMaCy; —yps| . —wfblmgswl,m + Y1 Tjrl(ml + m2)
0 —lomy  mal3+ 1, lbymic it —lama (v B — V2
22 262 1 20171 Gy —1pg 2ma (11 721 3018y, o)
2 ; . ; .
—bimasy, —y, —bimacy, —y, l2bimicy, —y, Mmobi + I2 —¢1b1m2(T$Ierw2+(¢ll2 _Tyl)swlfwz)

(A.30)

Faux + FyraSsy—yp1+vs + Fyp18s, — Fyrasy; —vs — Fymasy, —y,
—Fyr1 — FyraCsy—ypr4ya — Fyr1€s; — FypaCyy—yo — Fym2Cy;—ys
Fyrils + Fypalacy, —py + FymalaCy, —yy + FyralaCsy —py +4, — Fypilics,
FEyp2(bi + b2) + Fyma(b1 + b3) + Fyracs, (b1 + ba)

If one consider the tractor vehicle without the trailer (mg = Fy o = Fyma = Fyro = 0) and the
auxiliary force (Foux = 0), the simplified equation leads to

mq 0 0 0 71{)1 Tylml Fyfls(sl
0 mg 0 O . Y rTimy| _ —Lyf1Cs; — Fy’“l
0 0 Il 0 +4d1 + 0 = 1_ yfll1051 + Fyr1l3 y (Agl)
0 0 0 O 0 0

respectively with (2.13) and the assumption of small steer angles d; << 1 it yields

mlTi‘l —TTLﬂ/.JlTyl = Caf af 51 (A32)
miy .91 —|—m11,b1 21 = —Chroar —Curap (A.33)
Ly = —Capash +Caponrls. (A.34)

The resulted velocity v; and the body slip angle 51 of the tractor are depict in figure (A.1). They

Tyl

21

Figure A.1: Explanation of 57, the body slip angle of the tractor.

are linked to the velocity components (&1, 1) and with the assumption of a small body slip
angle 8; << 1 (equivalent to section 2.1.2) the following conditions can be derived,

cos 31 = L ~1 & 1= = LI~ (A.35)
U1

sin 8; = val P & Rt = i R0b b (A.36)
1
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In analogy to (2.16), the front and rear tire slip angles can be calculated by

Unly B
U1

af = 51 — Bl and Qp = ’U — ,81 . (A37)

The next step is to insert the equations (A.35-A.37) in (A.32-A.34), which yields

mioy — migro B = Cay (51 — ﬂ;liff - 51) 01 (A.38)
my (V11 4+ v1f1) + miivy = —Coy (51 - 1/1U1illf - ﬂl) — Car (1/};1” - 51) (A.39)
Ly = —Cuy <51 U 51) I+ Cor (ﬂhlr - 51> I3 . (A.40)

U1 U1

For a consideration of the vehicle at constant velocity (0 = 0), the second and third equations leads
again to the Riekert and Schunck’s equations (2.23)

Cosly — Ca

m1U1(51 + %/11) —(Coay+ Cor)Br — rbs 9 = - wf 01 (A.41)

U1

. 1 )
Iy — a(lﬁ(/‘m« +13Cop)h1 — (1Cay —13Car)B1 = —Casérly . (A.42)

A.5 Alternative Derivation of the linear TST Model

This section describes an alternative derivation of the linear tractor-semitrailer (TST) model. The
equations of motion derived in section 3.3 are obtained by simplifying and linearising the nonlinear
TST model. In contrast, the linear model also directly results from a simplified approach of the
translational and angular momentum. For of a body with the mass m;, the directional and lateral
acceleration #; and fj;, the moment of inertia I; and the rotational acceleration d;i, it can be generally
formulated

md; = ZF:CZ ) mylj; = ZFyz , and Lih; = Z M; , (A.43)

where Y Fy;, > Fy; and Y M; characterize the forces and moment acting on the body. Figure A.2
shows the forces acting on the TST. In order to derive linear equations of motion, which describe

by

Figure A.2: Single Track Model of Tractor and Semitrailer(TST) with a steered rearmost axle for
the derivation of the linear equations.

the lateral and rotational behavior of the TST, the simplifications reported by the enumeration in
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section 3.3 have to be taken into account. The lateral acceleration of the tractor can be described
by the body angular velocity ¥, the change of the body slip angle $; and the constant tractor
velocity v with

i1 = vy + B1) . (A.44)

So the equilibrium of the forces in the direction of y (lateral) and the momentum around the c.g.
of the tractor with the mass m; and moment of inertia I yields

myo(n + 1) = —Fyp1 — Fyr + F. =Yg, B1 + Y¢1¢1 + Y501+ Fe (A.45)
Lipy = —Fyp1ly + Fyls — F.lo =Npg, B1 + N,j,llh + Ns, 61 — F¢ 1o, (A.46)

where the force F, represents the internal force at the hitch. The tire forces at the front and rear
wheel, Fyr1 and Fy,q, can also be linearly described by the terms Yj,, Y% and Y5,, the caused
torsional moment by Npg,, N, i and N, . Their explicit calculation will be explained later on.

In analogy, the equations for the semitrailer can be written

m2v(¢2 + 62) = —Lyf2 — Fyr2 - Fyrl - Fc :Y,@262 + Y¢2¢2 + }/5252 - Fc (A47)
Iothy =  Fypaby + Fymabs + Fypobs — Fuby  =Ng, 2 + N@% + Ns, 00 — Febr . (A48)

The internal hitch force F,. can either be eliminated by using (A.45) and (A.47),

mav(y + B2) = Vi, Ba + Yy 2 + Ys,0 — myv(¢hy + B1) + Vs, 1 + le,ll/.}l + Y561, (A.49)
or by using (A.45) and (A.48),

Iythy = N, B3 + Ny, s + Ns, 05 — mav(hy + B1)by + Y, Brby + Yy thiby + V5, 0001, (A.50)
or in conclusion by using (A.45) and (A.46),

Iihy = N, B1 + Ny 1 + No, 01 — myv(vs + B1)la + Y, Brla + Yy dhily + Vs, 0112 . (A51)

The body slip angle of the tractor 8; and the slip angular velocity 1 can be substituted using the
kinematic coupling constraints (3.37) and (3.38). Moreover, the derivation of (3.19) with respect
to the time leads to the additional equation

D=y — s . (A.52)
Furthermore, the generalized coordinates

1" (A.53)

Qin =T U1 B2 ¥y
and the input vector

u = [(51 (52}T

(A.54)

will be defined. After some rearrangements, the equations (A.51)-(A.52) can be written in matrix
form as
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l b
0 mile  (mi+mav  mub Y, Yy, Ve T Vo, = Y5 (ma+moju—Yy, — V5 T
0 milaby mibiv m1b§ + I . Yﬁlbl 7(Y¢1 =+ Y/gl %)lh 7N[32 - Y/gl b1 mivbr — N¢2 — Ygl le q
2 in 2 in
? m1l20+ h mlﬂlw mlé2b1 1 Np, +Ypla —Ny,~Y; lo=Y3, 2—Npg 2 —Ng —Valo  malov — (Np1 + Y, l2) % 1
B -1 0 1 (A.55)
Ys, Ys,
_ Y51 b1 N52 u
Ngl -+ Y51 lo 0 ’
0 0
which is equal to (3.65). The explicit linear model equations
0 m1l2 (m1 + ’ITLQ)U 7T'L1b1
0 milaby mibiv m1b% + I . 4
0 mllg + I milav milaby Qi T -
1 0 0 0
M
Cr1+Cn1 Crl% *Cfl% —(Cf2 4+ Crz+ Cra + Cp1 + Cr1) (mi+ma)v +Cf2b72 +Cm2b,73‘ JrC'rz%1 *(CflJrCm)bjl
2 2 2 2 2
Cpib1 + Craby Crib1 =2 — Cpiby 2 Cpoby+-Craobs+Crabs—Cribi—Cribi  myvby — Cf2b72 - szb% - Crzbf - 07-1%1 - Cf1b71 Qi (A
2 2 in
Cri(li+l2)—Cri(ls—1l2) —Chy <137,Ul2> —Cy1 Ult}l?) Cri(ls —12) — Cyi(l1 + 12) milav + Criby l3;l2 —Cyiby lltb tin (A.56)
0 —1 0 1
D
_Cfl —Ur2
= —Cflb1 Crobs | u.

—Cr(li+1) 0

H

can be obtained by expressing the tire forces not with the terms Yjp,, Y%, Ys,, Ng,, Nd‘)1 and Nj,, but with the explicit description according

to (3.28)-(3.31) as explained in the following.
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In order to find the relation between the Y-/N- parameters and the tire forces, the right side of the
equations (A.45)-(A.46) can be used,

3.28 .
—Fypn— Fyn 629 Criafp — Criam =Yp, 01+ Y, 1+ Y5,01
(A.57)
(3.28) .
— Fypli + Fyrls =" - Croapl +Criapls =Ng, b1+ N, 1 + Ns, 01
(A.58)
(3.29) .
—Fypo — Fyro — Fyr1 = —Craopo — Craya — Cria =Yp,02 + Y, b2 + Y5,00
(A.59)

3.29 .
Fypaby + Fymabs + Fyroby ©2 )Cf20¢f2b2 + Cin2airabs + Croarbys  =Ng, B2 + N, 12 + Ne, 02
(A.60)

With the substitution of the slip angles (3.30)-(3.31) and equating the coefficients, the Y-/N-
parameters can be determined equal to (3.66)-(3.69). They are also called the partial deriva-
tives of the lateral tire forces Firactor tires aNd Fgsemitrailer tives and tire yaw moments Miyactor tires
and Mgemitrailer tiress

9 9 9
YBI = aiﬂlFtractor tires Yv,bl = @Ftractor tires Ys, = %Ftractor tires (AGI)
1 1
9 9 9
Nﬁl = T&Mtractor tires Nwl = aiqjletractor tires N51 = 8761Mtract0r tires (A62)
) 9 4
Yﬁz = ﬁFsemitrailer tires Y’lj)g = %Fsemitrailer tires }/52 = 8TFsemitrailer tires <A63)
2 2 2
9 9 9
Ng, = T&Msemitrailer tires Nqb = %Msemitrailer tires Vo, = %Msemitrailer tires - (A64)

A.6 Symbolic derivation of the equations of motion using
MATLAB

In this section are some MATLAB-Codes listed, which are tested in MATLAB 7.12.0 (R2011a) and
whereby the Symbolic-Toolbozx is used.

Listing A.1: MATLAB-Code for the derivation of the nonlinear equations of motion of the TST
according the Newton Euler approach by using the Symbolic-Toolbozx.

%% Calc Nonlinear Equation of Tractor—Semitrailer with Newton—FEuler—Equ
—> general coordinates x2 and y2 describes the semitrailer c.g.;
psi2 and psil describes the orientation angles

o° o oe

o\°

references:

#1 Book (PoppSchiehlen2010) Popp, K. & Schiehlen, W.
Ground Vehicle Dynamics
Springer—Verlag Berlin Heidelberg, 2010

#2 A. A. Shabana. Dynamics of Multibody Systems.
Cambridge University Press, Cambridge, 3 edition, 2005.

oe

o° o o

o

% generalized coordinates:
syms x2 y2 psi2 psil Dx2 Dy2 Dpsi2 Dpsil D2x2 D2y2 D2psi2 D2psil
syms ml I1 m2 I2 1.1 1.2 1.3 b1 b2 b3 b4 t_

% generalized coordinates
a = [x2; v2; psi2; psill;



68 A.6. Symbolic derivation of the equations of motion using MATLAB

Dg = [Dx2; Dy2; Dpsi2; Dpsil];

D2g = [D2x2; D2y2; D2psi2; D2psill;

% Position and Rotation of the tractor's(r-1) and semitrailer's(r_-2) c.g.
r.1 = [x2+b_lxcos(psi2)+1l_2*cos(psil); y2+b_l*sin(psi2)+1_2xsin(psil); 01];
r.2 = [x2; v2; 01;
omegl_1 = [0; 0; Dpsill];
omegl_2 = [0; 0; Dpsi2];

prepare timedependent auxiliary variables als Taylor—Series for
% implicit derivative

X2_ = X2 + Dx2xt_ + 1/2+D2x2*t_"2;

y2_ = y2 + Dy2+t_ + 1/2xD2y2+t_"2;

psi2_ = psi2 + Dpsi2xt_ + 1/2%D2psi2«*t_"2;

psil. = psil + Dpsil*xt_ + 1/2+D2psil*t_"2;

g- = [x2_; y2._; psi2_; psil_];

Calculate the velocities
substitute the auxiliary terms

oo oo

r_.1. = subs(r-1,q9,9-);

r_2_ = subs(r_2,q9,9-);

% Now it is possible to obtain the time derive explicitly, because
% the quantities are explicitly dependent of the time

v_olo = diff(r.1_,"'t.");

v_2_ = diff(r_2_,'t_");

Set t_-=0 to eliminate the nonrelevant auxilliary terms
_1 = subs(v-1_,t_,0);

_2 = subs(v_.2_,t_,0);

< S e

o

Calculate the accelerations

1o = diff(volo,'tlt);

1.2_ = diff(v.2_,'t_");

Set t_-=0 to eliminate the nonrelevant auxilliary terms
ac-1 subs(l-1_+t_,t_,0);

ac.2 subs(l_2_+t_,t_,0);

=

o
I

)

% Jacobian—Matrices

J.T1l = jacobian(r-1,q9);

J_.T2 = jacobian(r_2,q);

J_.R1 = jacobian(omegl_.1,Dq);
J-R2 = jacobian(omegl_2,Dq);
J = [J.T1; J.T2; J_R1l; J.R2];

o

Calculate the local accelleration:

ai = JixD2g + ai_-lok —> ai_lok = ai — JixD2g
simplify (ac_-1-J_T1xD2q);

simplify (ac-2—J_.T2%D2q) ;

o
I

_1g
_2q

e

o

Vector of generalized gyroscopic forces including the Coriolis and
% centrifugal forces as well as the gyroscopic torques (#1, Pages 67, 75)
k_dash = simplify([mlxl_1qg; m2x1_2q9; zeros(6,1)]1);

% Def Mass / Interia

M_glob = [mlxeye(3,3) zeros(3,3) zeros (3, 3) zeros (3, 3);
zeros (3, 3) m2xeye (3,3) zeros(3,3) zeros (3,3);
zeros (6,12)];
M_glob (9,9) = I1;
M_glob (12,12) = I2;
% Consider the Tire—Forces in x,y,z on each body —> Calc g.e — Vector (#1)
syms F_yfl F_.yrl F_.yf2 F_ym2 F_yr2 F_aux deltal delta2
g-dash_.e =

[ Foyfl*sin(psil+deltal) + F_yrlxsin(psil) + F_auxxcos(psil);
—F_yflxcos(psil+deltal) — F_yrlxcos(psil) + F_aux*sin(psil);
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0; ..
F_.yf2xsin(psi2) + F_ym2+sin(psi2) + F.yr2xsin(psi2+delta2);...
—F_yf2+cos(psi2) — F.ym2+*cos (psi2) — F.yr2x*cos(psi2+delta2); ...
0;
0;
0;
—F_yflxl_lxcos(deltal) + F_yrl*1l_3;
0; ..
0; ...
Fyf2xb_2 + F.ym2xb_3 + F_yr2xb_4xcos(delta2)];

= simplify (J.'xM_glob«*J)
= simplify (J.'xk_dash)
_e = simplify(J.'xg-dash_e)

%% Equations of motion (Neuton—FEuler) in I—sys

% M-_glob (g, g-dot)*«JxD2g + k_dash (g, g-dot) = g-dash-e + Qxlambda

%$ J'x| M.glob(qg,g.dot)*J+xD2g + k_dash (g, g.dot) = g.dash_e + Qxlambda
S —> J'xQ =0

M

k

q

Listing A.2: MATLAB-Code for the transformation of equations of motion to the trailer-fixed refer-
ence frame by using the Symbolic-Toolbozx.

o\

% Transfer Equations of Motions to the trailer—fixed reference frame:
Prepare Transformation I—sys to S—sys according #1:
S_Phi_I x| M(q,g-dot)«*D2g + k(g,qg-dot) = qg.e

o° o°

o° o

with: g-dot = I_Phi_S * g.dot_.s
—> g-dot2 = I_Phi_.S x g.dot2_s + I_Phi_S_dot x g.dot_s

o

o

% generalized coordinates
syms x2 y2 psi2 psil Dx2 Dy2 Dpsi2 Dpsil D2x2 D2y2 D2psi2 D2psil t_

a = [x2; v2; psiz2; psill;

g-s = [x2 y2 psi2 psil].';

Dg.s = [Dx2 Dy2 Dpsi2 Dpsil].';

D2g-s = [D2x2 D2y2 D2psi2 D2psil]."';

I_Phi_S = [cos(psi2) —sin(psi2) O 0;
sin(psi2) cos (psi2) O 0;
0 0 1 0;
0 0 0 1];

Calc time derivative:

o° o°

prepare timedependent auxiliary variables als Taylor—Series for
implicit derivative

X2_ = X2 + Dx2xt_ + 1/2+«D2x2xt_"2;

y2- = y2 + Dy2xt_ + 1/2xD2y2*t_"2;

psi2_ = psi2 + Dpsi2xt_ + 1/2xD2psi2*xt_"2;

psil_. = psil + Dpsil*t_ + 1/2xD2psilxt_"2;

g- = [x2_; y2_; psi2_; psil_];

% substitute the auxiliary terms

I_.Phi_S_. = subs(I-Phi_-S,q,qg-);

Now it is possible to obtain the time derive explicitly, because
the quantities are explicitly dependent of the time

I_Phi_S_dot. = diff(I_Phi_S_,'t_");

% Set t_=0 to eliminate the nonrelevant auxilliary terms
I_Phi_S_dot = subs(I_-Phi_S_dot_,t_,0);

oe

o°

o

o° o°

% Do Trafo

= simplify (I_-Phi_S.'xMxI_Phi_S)

= simplify (I_-Phi_S.'xMxI_Phi_S_dotxDg.s +
I_Phi_S. '*k)

g-e.s = simplify(I_Phi_S. 'xqg.e)

~ =R

-S
-S
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Listing A.3: MATLAB-Code for the derivation of the roll-extended single-track model of the TST
using the Symbolic-Toolbozx.

syms Gamma Dpsi-1 Dpsi-2 beta.-l beta-2 phi_.l phi_2 Dphi_.1 Dphi_2 delta.l delta-2
syms DGamma D2psi_l D2psi._2 Dbeta.l Dbeta.2 D2phi_1 D2phi_ 2 delta.l delta.2
syms ml m2 g 1.2 b1 v.1 v.2 h.l h.2 z.1 z.2 d1 d-2 c.1 c.2 cc

syms Iz2 Iyy2 Ixz2 Ixx2 Izl Iyyl Ixzl Ixxl

syms Y. betal Y.rl Y.deltal YDbeta2 Y.r2 Y.delta2 F_c

syms N_betal N.rl N_deltal N.beta2 N.r2 N_delta2

syms Dphi_1_ Dphi_2_ % auxilliary vars for state—space—representation

% Tractor
% laterall equ:
laterall_str = strcat('ml+«v_1x(Dpsi-1 + Dbeta.l) — ml«D2phi_l+xh_.1 ="',
'Y betalxbeta.l + Y_rl«Dpsi_.l + Y.deltalxdelta.l + F_c');
F_cl = solve(laterall_str,'F._c');
laterall = mlxv_1%(Dpsi-1 + Dbeta-1) — ml*«D2phi_1xh_1

— Y. betalsxbeta.l — Y_rl«Dpsi.l — Y_deltalxdelta.l — F.c ; % = 0

% yawl equ:
yawl = Iz1%D2psi_1 — IxzlxD2phi._1
— N_betalxbeta.l — N_rlxDpsi_.l — N_deltalxdelta.l + F_c*x1.2; % = 0
% rolll equ:
rolll = (Ixxl + mlxh_172)*D2phi.1 — mlxv_1%(Dpsi_-1 + Dbeta-1)xh_1
— Ixz1%D2psi-1 — mlxgxh_1xphi_1 + c_.lxphi_.1 + d_1xDphi._1
+ c_.cx(phi_1—phi_2) + F_cxz_1; % = 0

Semitrailer

o
S
o
g

lateral2 equ:
lateral2 = m2%v_2x (Dpsi-2 + Dbeta-2) — m2xD2phi_2+h_2
— Y_beta2xbeta.2 — Y_r2«Dpsi.2 — Y_delta2xdelta-2 + F_c; % = 0

% yaw2 equ:
yaw2 = Iz2%D2psi_2 — Ixz2xD2phi_2

— N_beta2+beta.2 — N_r2+«Dpsi_2 — N_.delta2+delta.2 + F_cxb_1'; % = 0
% roll2 equ:
roll2 = (Ixx2 + m2xh_272)*D2phi_.2 — m2+xv_2x%(Dpsi_2 + Dbeta.2)+h_.2
— Ixz2%D2psi-2 — m2+xgxh_2+phi_2 + c_2+phi_2 + d_2«Dphi_2
— c_c* (phi.l—phi.2) — F_c*xz.2'; $ =0
% Coupling Conditions
beta.l. = —Gamma + beta-2 + 1.2/v_2+Dpsi-1 + b_1/v_1*Dpsi.-2
+ z_.1/v_1+Dphi_1 — z_2/v_2%Dphi_2;
Dbeta-l_- = Dpsi-2 — Dpsi-1 + Dbeta-2 + 1.2/v_1xD2psi-1
+ b.1/v_2xD2psi-2 + z_.1/v_1+«D2phi.1 — z_.2/v_2xD2phi._2;
kin_constraint = Dpsi.2 — Dpsi_.l + Dbeta.2 — Dbeta.l + 1.2/v_1%D2psi._l
+ b_1/v_2%D2psi_2 + z_1/v_.1+«D2phi_.1 — z_.2/v_2xD2phi_2; % = 0

Gamma_-constraint = DGamma — Dpsi_1 + Dpsi-2;

o

%% Elliminate Fc to derive the linear equations of motion

g-rlin = [Gamma; Dpsi_l; beta.-2; Dpsi_2; Dphi_l; phi_1; Dphi_2; phi_2];

Dg-rlin = [DGamma; D2psi_-l1; Dbeta-2; D2psi-2; D2phi_1; Dphi_1_; D2phi_2; Dphi_2_];
u_lin = [delta.l; delta.2];

subs_old = {'beta,l';'Dbeta,l'}; % Prepare the constraint substitutions
subs_new = [beta.l_;Dbeta.l1_];

% Rowl laterall —> lateral?2
latllat2 = subs(subs(lateral2,'F_c',F_.cl),subs_old, subs_new);

% Row2 laterall —> yaw2
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latlyaw2 = subs (subs(yaw2, 'F_c',F_cl),

% Row3 laterall —> yawl

latlyawl = subs(subs(yawl, 'F.c',F_cl),

o\

Row5 laterall —> rolll
latlrolll = subs(subs(rolll,'F.c',F_cl),

% Row6 laterall —> roll2

latlroll2 = subs(subs(roll2,'F.c',F_cl),

M_.r = sym('M.r',

[length(g-rlin), length(g-rlin)]);

for idx = 1: length(q rlin)

r(l,idx) = simplify(diff(latllat2,Dg-rlin(idx)));
r(2,1idx) = simplify(diff(latlyaw2,Dg.rlin (idx)));
r(3,idx) = simplify(diff(latlyawl,Dg.-rlin (idx)));
r(4,idx) = simplify(diff (Gamma_constraint,Dqg.rlin (idx)));
r(5,idx) = simplify(diff(latlrolll,Dg-rlin (idx)));
r(6,idx) = simplify(diff(latlroll2,Dg-rlin (idx)));
r(7,1idx) = simplify(diff (Dphi_1_,Dg.rlin (idx)));
r(8,idx) = simplify(diff (Dphi_-2_,Dg-rlin (idx)));

end

M_r % Display the matrix

P.r = sym('P_.r', [length(g-rlin),length(g-rlin)]);

for idx = l:length(g.rlin)
r(l,idx) = —simplify(diff(latllat2,qg-rlin(idx)));
r(2,idx) = —simplify(diff (latlyaw2,qg-rlin (idx)));
r(3,1idx) = —simplify(diff (latlyawl,qg-rlin (idx)));
r(4,idx) = —simplify (diff (Gamma-constraint,g-rlin (idx)));
r(5,idx) = —simplify(diff(latlrolll,g.rlin (idx)));
r(6,idx) = —simplify(diff(latlroll2,g-rlin(idx)))
r(7,idx) = —simplify(diff(—Dphi_1,g.rlin (idx)));
r(8,idx) = —simplify(diff(—Dphi_-2,g-rlin(idx)));

end

P_r % Display the matrix

H.or = sym('H.r', [length(g.rlin),length(u-lin)]);

for idx = 1l:length(u-lin)
(1,idx) = —simplify(diff(latllat2,u_-lin (idx)));
(2,1dx) = —simplify(diff (latlyaw2,u-lin(idx)));
(3,1idx) = —simplify(diff (latlyawl,u-lin (idx)));

_r(4,1idx) = —simplify(diff (Gamma_constraint,u_-lin (idx)));
_r (5,1idx) = —simplify(diff (latlrolll,u-lin(idx)));

(6,1dx) = —simplify(diff(latlroll2,u_.lin (idx)));
(7,1idx) = —simplify (diff(—Dphi_-1,u-lin (idx)));
(8,1dx) = —simplify(diff(—Dphi_2,u_lin (idx)));

end

H.r % Display the matrix

subs_old, subs_new) ;

subs_old, subs_new) ;

subs_old, subs_new) ;

subs_old, subs_new) ;
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Vehicle Animation with
MatCarAnim

Within this work, an animation- or visualization-toolbox named as MatCarAnim was developed for
the MATLAB®-enviroment. It was tested in MATLAB®-R2011b.

The Toolboz contains various MATLAB® m-Functions structured in figure B.2, which provide vi-
sualization and animation tools like “coordinate transformations” and functions for the creation
of basic drawings. Furthermore it uses a structure variable, which allows the storage of model
parameters and settings. It is shown in figure B.3 and allows arbitrary extensions. The whole tool-
box functions and documentation will be provided soon, on the MATHWORKS file exchange website
http://www.mathworks.com/matlabcentral/fileexchange/.

Linear TST Model: time: 3.8s v,: 35.0km/h

Figure B.1: 3D view of a tractor-semitrailer with a steerable rearmost axle, created by the MAT-
CARANIM toolbox.
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Appendix B. Vehicle Animation with MatCarAnim

coordTrafoCarUnit.m
ECarUnit / newCarUnit.m
\ updateCarUnitStruct.m

newCarWorld.m

E CarWorld
< draw_chessboard.m

E development

E examples
anim_defSysTST.m

anim_runSysTST.m

calcTraj_TST.m

{ special pathAddArc.m
plotTraj_TST.m

trajPoly.m

- addpathMatCarAnim.m
MATLAB {3 MatCarAnim
Y any2strm

\_ axisRotation.m

\ colorspec2rgb.m

coordTrafo.m

coordTrafoAngles.m

createAnimWindow.m

_cube3D.m

cylinder3D.m

draw_chessboard.m

matCarAnim.m

newCarAnim.m

redrawCarAnim.m

sphere_cg.m

updateGeoCyl.m

visualKsys.m

Figure B.2: Structure of the MATCARANIM-software.
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Figure B.3: Structure of the MATCARANIM-struct.
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